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ON THE UNIVERSAL PROPERTY OF DERIVED MANIFOLDS
DAVID CARCHEDI AND PELLE STEFFENS
Abstract. It is well known that any model for derived manifolds must form a higher
category. In this paper, we propose a universal property for this higher category, classifying
it up to equivalence. Namely, the∞-categoryDMfd of derived manifolds has finite limits, is
idempotent complete, and receives a functor from the category of manifolds which preserves
transverse pullbacks and the terminal object, and moreover is universal with respect to these
properties. We then show this universal property is equivalent to another one, intimately
linking the ∞-category of derived manifolds to the theory of C∞-rings. More precisely,
R is a C∞-ring object in DMfd, and the pair (DMfd,R) is universal among idempotent
complete∞-categories with finite limits and a C∞-ring object. We then show that (a slight
extension beyond the quasi-smooth setting of) Spivak’s original model satisfies our universal
property.
Contents
1. Introduction 2
1.1. Organization 3
1.2. Conventions 5
Acknowledgments 5
2. The Universal Property 5
2.1. C∞-rings 6
2.2. Consequences of the Universal Property 7
3. Algebraic Theories 8
3.1. General Theory 8
3.2. Unramified Transformations of Algebraic Theories 17
3.3. Characterizing the finite limit envelope 21
4. Properties of C∞-rings 25
4.1. The Unramified Transformation 25
4.2. Localizations of C∞-rings 31
4.3. Spectra of C∞-rings 34
4.4. The proof of Theorem 4.44 47
5. The Universal Property Revisited 53
5.1. Derived Manifolds and C∞-rings 53
5.2. Comparison with Spivak’s Model 57
References 58
The first author was supported by the National Science Foundation under Grant No. 1811864.
The second author has received funding from the European Research Council (ERC) under the European
Unions Horizon 2020 research and innovation programme (grant agreement No 768679).
1
2 DAVID CARCHEDI AND PELLE STEFFENS
1. Introduction
The role of transversality in differential topology has a rich history. It is well known that
non-transverse pullbacks need not exist in the category of manifolds, and when they do,
they do not have the same cohomological properties one would expect of a good intersection.
Derived manifolds generalize the concept of smooth manifolds to allow arbitrary (iterative)
intersections to exist as smooth objects, regardless of transversality. An argument going
back to Spivak [14] shows that in order to have the expected cohomological properties with
respect to cobordism theory, derived manifolds must form a higher category. There exists to
date several approaches to derived geometry in the C∞-setting, all of them higher categorical
in nature e.g. [14, 7, 1, 3]. Despite the wealth of different approaches, there has been as of
yet little attention given to characterizing the resulting theory by a universal property, with
the notable exception of recent work of Macpherson [12]. In contrast, in Lurie’s foundations
on derived algebraic geometry ([10]), the role of the universal property of derived geometry
is very explicit in the passage from smooth affine spaces (of finite type) to ‘fully derived’
spaces (of finite type). While differential geometry and the existence of a theory of derived
manifolds are mentioned in [10], no tractable construction of the ∞-category of derived
manifolds is given in that paper.
In this paper, we rectify this situation and formulate a precise universal property for
the ∞-category of derived manifolds DMfd, thus characterizing it once and for all up to
equivalence. Firstly, whatever the ∞-category DMfd is, it certainly should receive a fully
faithful functor from the category of manifolds
i :Mfd →֒ DMfd,
and this functor should preserve transverse pullback and the terminal object (this is part
of Spivak’s necessary conditions [14] for an ∞-category to be “good for doing intersection
theory.”). Moreover, since we will be concerned with general not necessarily quasi-smooth
derived manifolds, DMfd should have finite limits and be idempotent complete (the former
implies that later in the setting of n-categories for finite n, but not for ∞-categories). We
propose the following as the universal property of the ∞-category DMfd:
Universal Property 1: For any idempotent complete ∞-category C with finite limits,
composition with i induces an equivalence of ∞-categories
Funlex (DMfd,C )
∼
−−−−−−−→ Fun⋔ (Mfd,C )
between the ∞-category of functors from derived manifolds to C which preserve finite limits,
and the ∞-category of functors from manifolds to C which preserve transverse pullbacks and
the terminal object.
In this paper, we argue that this is the “correct” universal property, since, in particular,
it reproduces, almost for free, an extension of Spivak’s model to beyond the quasi-smooth
setting. In particular, Spivak’s∞-category of quasi-smooth manifolds (of finite type) embed
fully faithfully into any ∞-category satisfying the above universal property. The proposed
characterization of DMfd should also be compared with Lurie’s notions of ‘pregeometries’
and ‘geometric envelopes’, introduced in [10]. Roughly, a pregeometry is an ∞-category T
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equipped with a collection of distinguished pullbacks, which should be thought of as singling
out the ‘geometrically correct’ intersections. A geometric envelope of a pregeometry is then
an ∞-category G obtained by freely adding finite limits and retracts to T, while preserving
the pullbacks we had deemed to be correct. This procedure defines a functor T → G which
satisfies a universal property that is exactly analogous to the one above.
We furthermore show that the above universal property is equivalent to the following one:
Universal Property 2: For any idempotent complete ∞-category C with finite limits,
there is an equivalence of ∞-categories
Funlex (DMfd,C )
∼
−−−−−−−→ AlgC∞ (C )
between the ∞-category of functors from derived manifolds to C which preserve finite limits,
and the ∞-category of C∞-ring objects in C .
The equivalence of these two universal properties is the content of Theorem 5.3.
As a corollary, we deduce the following:
Corollary 1.1. There is a canonical equivalence of ∞-categories
DMfd ≃
(
AlgC∞ (Spc)
fp
)op
between the ∞-category of derived manifolds, and the opposite of the ∞-category of homo-
topically finitely presented simplicial C∞-rings.
This result is closely related to the fact that quasi-smooth derived manifolds of finite type
are “affine,” which is the main result of [1]. The above corollary shows that all finite type
derived manifolds are affine, and they are precisely the C∞-spectra of homotopically finitely
presented simplicial C∞-rings.
1.1. Organization. In Section 2, we describe in detail the universal property of the ∞-
category DMfd of derived manifolds, and deduce some of the basic consequences of this
universal property.
In Section 3 we lay down the basic foundations for algebraic theories in the context of
∞-categories. This includes some new results, for example, the theory of unramified trans-
formations of algebraic theories, based on work of Lurie in [8] in a more general setting.
While the results we present on unramified transformations can be formally deduced from
the results in [8], our focus on algebraic theories allows us to significantly streamline the
arguments.
In Section 4, we delve into the study of simplicial C∞-rings, and establish their basic
properties. The main results of this section are the following:
Theorem 1.2. The functor C∞ :Mfd →֒ AlgC∞ (Spc)
op from the category of smooth mani-
folds to the opposite∞-category of simplicial C∞-rings, sending a manifold M to the discrete
simplicial C∞-ring of smooth functions on M, is fully faithful and preserves transverse pull-
backs and the terminal object.
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Theorem 1.3. There exists a fully faithful C∞-spectrum functor
SpecC∞ : AlgC∞ (Spc)
op →֒ LocC∞
from there ∞-category of homotopically finitely presented simplicial C∞-rings and the ∞-
category of spaces locally ringed in simplicial C∞-rings.
In Section 5, we put the theory of simplicial C∞-rings developed in the previous section to
use and use it to explore the universal property of derived manifolds. The first main result
is the following:
Theorem 1.4. For all idempotent complete ∞-categories C with finite limits, composition
with
i ◦ q : C∞ → DMfd
induces an equivalence of ∞-categories
Funlex (DMfd,C )
∼
−−−−−−−→ Funpi (C∞,C ) = AlgC∞ (C )
between the ∞-category of left exact functors from derived manifolds to C , and the ∞-
category of C∞-rings in C .
along with the following corollary:
Corollary 1.5. There is a canonical equivalence of ∞-categories
DMfd ≃
(
AlgC∞ (Spc)
fp
)op
.
Along the way we prove the following interesting facts about functors out of the category
of smooth manifolds:
Lemma 1.6. Let q : C∞ →֒Mfd be the inclusion of the full subcategory of smooth manifolds
on those of the form Rn, for some n. Let C be any idempotent complete ∞-category with
finite limits, and let
F : C∞ → C
be an arbitrary functor. Then the following are equivalent
1. F preserves finite products
2. The right Kan extension Ranq F exists, and moreover preserves transverse pullbacks
and the terminal object.
Corollary 1.7. Denote by Dom ⊂ Mfd the full subcategory on the open domains. Let C
be any idempotent complete ∞-category with finite limits, and let
G :Mfd→ C
be an arbitrary functor. Then the following are equivalent
1. G preserves transverse pullbacks and the terminal object
2. The restriction of G to Dom preserves transverse pullbacks and the terminal object
Finally, we end the paper by establishing the equivalence between (a minor extension
beyond the quasi-smooth setting of) Spivak’s model and our ∞-category DMfd defined via
its universal property:
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Theorem 1.8. There is a canonical equivalence of ∞-categories between the homotopy co-
herent nerve of dManSpivak of (a minor extension of) Spivak’s model of derived manifolds
and DMfd.
1.2. Conventions. All manifolds will be assumed smooth, finite dimensional, 2nd-countable
and Hausdorff. By an ∞-category we mean a quasicategory or inner-Kan complex, which
is one particular model for the theory of (∞, 1)-categories. We will follow the notational
conventions and terminology of [11].
Our grading conventions are cohomological, so that the differential on a complex raises the
degree.
Acknowledgments. We are grateful for discussions with Damien Calaque, Andrew Macpher-
son and Joost Nuiten. We would also like to thank the Max Planck Institute for Mathematics
for their hospitality, and D.C. would like to additionally thank them for support during his
sabbatical, during which this research was conducted.
2. The Universal Property
Spivak proposes properties that an ∞-category C should have to be “good for doing
intersection theory on manifolds.” In particular, such an ∞-category should be come with
additional data, such as a finite limit preserving functor to the category of topological spaces.
Recent work of Macpherson [12] has proposed a universal property for derived manifolds,
in terms of ∞-categories equipped with extra geometric structure, closely related to the
concept of geometry developed by Lurie in [10]. Indeed, Macpherson’s ideas were highly
influential on this paper. However, we propose a simpler universal property in the context
of bare ∞-categories (without need to appeal to the concept of a geometry). We then show
that the extra structure, such as a natural underlying space functor, are direct consequences
of the universal property.
One of the axioms for an ∞-category C to be “good for doing intersection theory on
manifolds” is that there should exist a fully faithful functor
i :Mfd →֒ C
from the category of smooth manifolds which preserves transverse pullbacks and the terminal
object. We take the point of view that in fact, the ∞-category of derived manifolds should
be universal with respect to this property. More precisely:
Definition 2.1. Let D denote the subcategory of the∞-category Cat∞ of small∞-categories
consisting of those which have finite limits and are idempotent complete, and left exact func-
tors between them. Denote by F : D → Cat∞ the functor
C 7→ Fun⋔ (Mfd,C ) ,
where Fun⋔ (Mfd,C ) is the full subcategory of the functor category Fun (Mfd,C ) on those
functors preserving transverse pullbacks and the terminal object. Denote by E → D the
Grothendieck construction of this functor, i.e. the pullback of the universal coCartesian
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fibration Z→ Cat∞ along F :
E

// Z

D
F
// Cat∞,
i.e., E is the ∞-category of finitely complete idempotent complete ∞-categories equipped
with a functor from the category of Mfd which preserves transverse pullbacks and the
terminal object, and left exact functors between them respecting the functor from Mfd.
The ∞-category DMfd of derived manifolds is the initial object in E. Unwinding this,
this means that the ∞-category DMfd has finite limits, is idempotent complete, and there
is a functor
i :Mfd→ DMfd
from the category of smooth manifolds to the ∞-category of derived manifolds which pre-
serves transverse pullbacks and the terminal object. Moreover, for any idempotent complete
∞-category C which has finite limits, composition with i induces an equivalence of ∞-
categories
Funlex (DMfd,C )
∼
−−−−−−−→ Fun⋔ (Mfd,C )
between functors from derived manifolds to C which preserve finite limits, to functors from
manifolds which preserve transverse pullbacks and the terminal object.
As with any universal property, this pins down the ∞-category DMfd up to equivalence.
Moreover, such an∞-category can be shown to exist by standard and purely formal abstract
reasoning. Rather than appealing to such an opaque construction, in this paper, we will
investigate this universal property and find many equivalent characterizations of it, and
ultimately arise at concrete presentations for this ∞-category.
Remark 2.2. As we shall see, the functor i will moreover be fully faithful.
2.1. C∞-rings. . All existing models for derived manifolds use the concept of a C∞-ring
[14, 7, 1, 3]. As we shall see later, this is not a coincidence, as the universal property of
the ∞-category DMfd of derived manifolds is intimately linked with concept of a C∞-ring.
Roughly speaking, a C∞-ring is a commutative R-algebra A with the extra structure of, for
each smooth map f : Rn → Rm, an operation
A (f) : An → Am,
subject to natural compatibility axioms. The prototypical example of a C∞-ring is the ring
of smooth functions C∞ (M) on a smooth manifold M , where
C
∞ (M) (f) : C∞ (M)n → C∞ (M)m
(ϕ1 (x) , . . . , ϕn (x)) 7→ (f1 (ϕ1 (x) , . . . , ϕn (x)) , . . . , fm (ϕ1 (x) , . . . , ϕn (x))) .
Denote by C∞ the full subcategory of the category of smooth manifolds on those of the form
Rn, for some n. Then, the formal definition is as follows:
Definition 2.3. A C∞-ring is a finite product preserving functor A : C∞ → Set
ON THE UNIVERSAL PROPERTY OF DERIVED MANIFOLDS 7
Since R is a commutative ring with addition and multiplication being smooth maps, and
since A preserves finite products, A := A (R) is a commutative ring with extra structure
maps as above. They key fact making C∞-rings so useful for derived geometry in the smooth
setting is that the functor
C
∞ :Mfd→ AlgC∞ (Set)
is fully faithful and preserves transverse pullbacks [13].
The theory of C∞-rings is algebraic. We present some generalities about the theory of
algebraic theories in Section 3, in the context of ∞-categories. In particular, one may
consider C∞-algebras in any ∞-category with finite products. If C is the ∞-category Spc
of spaces, the ∞-category AlgC∞ (Spc) of algebras in Spc is equivalent to the ∞-category
underlying the model category of simplicial C∞-algebras (in sets), by [11, Corollary 5.5.9.2].
2.2. Consequences of the Universal Property. We note a couple immediate conse-
quences of the universal property.
Example 2.4. Let u :Mfd→ Top be the forgetful functor to topological spaces. Then as
u preserves transverse pullbacks and the terminal object, there is a unique left exact functor
U making the diagram commute
Mfd
i
//
u

DMfd.
U
yytt
tt
tt
tt
tt
Top
I.e.,DMfd is geometric in the sense of [14, Definition 1.3]. We define U to be the underlying
space functor.
Remark 2.5. Spivak proposes more axioms for an ∞-category to be good for doing inter-
section theory on manifolds ([14, Definition 2.1]— phrased in terms of simplicial categories),
and proves the model he constructs for quasi-smooth derived manifolds satisfies these ax-
ioms. Rather than proving directly that the subcategory of quasi-smooth objects of DMfd
satisfies these axioms, we instead show that it is equivalent to Spivak’s model (after removing
the restriction of being quasi-smooth and adding the condition of being finite type), which
is shown to satisfy these axioms in op. cit.
Definition 2.6. Using the underlying space functor U, one can define a natural Grothendieck
topology JDMfd on DMfd by declaring a collection of maps
(fα : Uα →M)α
to be a cover of a derived manifold M if and only if
(U (fα) : U (Uα)→ U (M))α
is an open cover of topological spaces.
Remark 2.7. We will see later (Proposition 5.5) that this Grothendieck topology is moreover
subcanonical.
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Example 2.8. Let C∞ be the full subcategory of the category of smooth manifolds on
those of the form Rn, for some n. Since i : Mfd → DMfd preserves transverse pullbacks
and the terminal object, the composite C∞ → DMfd preserves finite products. So, for M
any derived manifold, the functor
MapDMfd (M, i ( · )) : C
∞ → Spc
also preserves finite products, and hence defines a C∞-algebra (in spaces) in the sense of
Definition 3.5. Therefore there is a canonically induced functor
ODMfd : DMfd
op → AlgC∞ (Spc) .
We will see later that ODMfd is a sheaf for the Grothendieck topology JDMfd (Proposition
5.6), and even more interestingly, the functor ODMfd is fully faithful, and the essential image
is precisely the (homotopically) finitely presented algebras. In particular,
DMfd ≃
(
AlgC∞ (Spc)
fp
)op
.
See Corollary 5.4.
3. Algebraic Theories
In this section we outline the theory of algebraic theories in the context of ∞-categories.
It will provide the correct language to study C∞-rings in depth in Section 4.
3.1. General Theory.
Definition 3.1. An algebraic theory, or, Lawvere theory, is an∞-category T with finite
products, together with a chosen object r ∈ T0, called the generator such that every object
in T is equivalent to rn, for some n ≥ 0. A morphism of algebraic theories (T, r) → (T′, r′)
is a finite product preserving functor f : T→ T′ carrying r to r′.
Example 3.2. The category C∞ is an algebraic theory with R as a generator.
Example 3.3. Let k be a commutative ring and let Comk be the full subcategory of affine
k-schemes on those of the form Ank , for n ≥ 0. Then, Comk is an algebraic theory with A
1
k
as a generator.
When k = R, ComR may also be seen as the category of manifolds of the form Rn whose
morphisms are given by polynomials. There is an evident functor ComR → C
∞ which is a
morphism of algebraic theories.
Remark 3.4. The single object r can be replaced with a set S of objects, which leads to
the definition of a multi-sorted algebraic theory. The theory of such algebraic theories is
completely analogous. Of particular relevance is the 2-sorted algebraic theory SC∞, which
is the full subcategory of supermanifolds on those of the form Rp|q, which has R and R0|1 as
generators (see [4]). Using this algebraic theory in place of C∞, one may extend the results
of this paper to the setting of derived supermanifolds. We leave the details to the reader.
Definition 3.5. Let C be an ∞-category with finite products. The ∞-category AlgT (C )
of T-algebras in C is the full subcategory of Fun (T,C ) on those functors which preserve
finite products.
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Of particular importance is the cases when C = Set and when C = Spc. We will call an
object of AlgT (Spc) a T-algebra, and an object of AlgT (Set) a 0-truncated T-algebra.
Proposition 3.6. Let C be a presentable ∞-category. Then AlgT (C ) is also presentable.
Proof. This follows immediately from [11, Lemmas 5.5.4.17, 5.5.4.18, 5.5.4.19]. 
Example 3.7. The category of C∞-algebras in Set is the category of C∞-rings.
Example 3.8. The category of Comk-algebras in Set is equivalent to the category of com-
mutative k-algebras.
When T is a 1-category, then the projective model structure on Fun
(
T, Set∆
op)
restricts
to the subcategory of simplicial T-algebras
AlgT (Set)
∆op ∼= AlgT
(
Set∆
op)
.
We have the following result, originally due to Bergner:
Theorem 3.9. [11, Corollary 5.5.9.2] There is an equivalence of ∞-categories
Nhc
(
AlgT (Set)
∆op
proj.
)
≃ AlgT (Spc)
between the homotopy coherent nerve of the category of simplicial T-algebras, endowed with
the projective model structure, and the ∞-category of T-algebras in Spc .
In light of the above theorem, we refer to the ∞-category AlgComk (Spc) as the ∞-
category of simplicial commutative k-algebras, and to AlgC∞ (Spc) as the ∞-category
of simplicial C∞-rings.
Let T be an algebraic theory. Then as any co-representable functor preserves finite prod-
ucts, the Yoneda embedding restricts to a fully faithful j : T →֒ AlgT (Spc)
op .
Theorem 3.10. [11, Proposition 5.5.8.10]
a) AlgT (Spc) is a localization of Fun (T, Spc) .
b) The ∞-category AlgT (Spc) is compactly generated. In particular,
Ind
(
AlgT (Spc)
fp
)
≃ AlgT (Spc) .
c) The inclusion j : T →֒ AlgT (Spc)
op preserves finite products.
The functor j also has the following universal property:
Theorem 3.11. [11, Proposition 5.5.8.15] Let C be an∞-category which admits sifted limits.
Then, composition with j induces an equivalence of ∞-categories
Funsift (AlgT (Spc)
op ,C )
∼
−−−−−−−→ Fun (T,C ) ,
between the ∞-category of functors AlgT (Spc)
op → C which preserves sifted limits, to the
∞-category Fun (T,C ) , and if C is complete, it also induces an equivalence of ∞-categories
FunR (AlgT (Spc)
op ,C )
∼
−−−−−−−→ FunΠ(T,C ) = AlgT (C )
between the∞-category of functors AlgT (Spc)
op → C which preserves small limits, to the∞-
category of T-algebras in C . The inverse of both equivalences is given by right Kan extension.
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In view of the above theorem, we call AlgT (Spc)
op the small limit envelope of the
algebraic theory T.
Remark 3.12. Note that by Theorem 3.10, c), j is a T-algebra in AlgT (Spc)
op . Unwind-
ing the definitions, this is the T-algebra corresponding to the identity functor under the
equivalence
Funsift (AlgT (Spc)
op ,AlgT (Spc)
op)
∼
−−−−−−−→ Fun (T,AlgT (Spc)
op) .
Before going further, we introduce a categorical lemma which will be of crucial importance:
Lemma 3.13. Let A
j
→ B
ω
−֒→ C be functors of ∞-categories with ω fully faithful and B
small, and let F : A → D be an arbitrary functor with D cocomplete. Then if the right Kan
extension Ran(ω◦j) F exists, so does Ranj F and moreover
Ranj F ≃ Ran(ω◦j) F ◦ ω.
Proof. The smallness of B and the cocompleteness of D guarantees the existence of a global
left Kan extension functor
Lanω : Fun (B,D)→ Fun (C ,D)
which is left adjoint to the restriction functor ω∗, and the fully faithfulness of ω is equivalent
to the assertion that the unit
η : id⇒ ω∗ Lanω
is an equivalence (which in turn is equivalent to Lanω being fully faithful).
To establish the claim, we need to show that
(
Ran(ω◦j) F
)
◦ω satisfies the universal property
for the right Kan extension Ranj F, namely, for all ψ : B → D ,
MapFun(B,D)
(
ψ,
(
Ran(ω◦j) F ◦ ω
))
≃MapFun(A ,D) (j
∗ψ, F ) .
Indeed, we have, by universal properties, the following string of natural equivalences:
MapFun(B,D)
(
ψ,
(
Ran(ω◦j) F ◦ ω
))
= MapFun(B,D)
(
ψ, ω∗Ran(ω◦j) F
)
≃ MapFun(C ,D)
(
Lanω ψ,Ran(ω◦j) F
)
≃ MapFun(A ,D) ((ω ◦ j)
∗ Lanω ψ, F )
≃ MapFun(A ,D) (j
∗ (ω∗ Lanω ψ) , F )
≃ MapFun(A ,D) (j
∗ψ, F ) ,
the last equivalence coming from the unit η being an equivalence. 
Definition 3.14. Let T be an algebraic theory. We say that a morphism f : A → B is an
effective epimorphism if f is an effective epimorphism in the ∞-topos Psh (Top), i.e. the
induced map colim
−−−→
Cˇ (f)→ A from the colimit of the Cˇech nerve of f to A is an equivalence.
Let T be an algebraic theory. As limits and sifted colimits are computed in the ∞-
topos Psh(Top) and geometric realizations are sifted colimits, we see that the ∞-category
AlgT (Spc) inherits the following properties from Psh(T
op).
Proposition 3.15. Let T be a algebraic theory.
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(1) Sifted colimits are universal in AlgT (Spc).
(2) Every groupoid object in AlgT (Spc) is effective.
(3) AlgT (Spc) has an epi-mono factorization system: There exists a factorization sys-
tem (SL, SR) on AlgT (Spc) such that SL consists of effective epimorphisms and SR
consists of monomorphisms.
Remark 3.16. It is observed in [11, Remark 5.5.8.26] that the nth truncation τ≤nAlgT (Spc)
is precisely the full subcategory of functors T → Spc taking values in n-truncated objects.
In particular, if T is an ordinary 1-category, the 1-category τ≤0AlgT (Spc) can be identified
with AlgT (Set), the category of ordinary T-algebras in sets and we have a fully faithful
inclusion AlgT (Set) →֒ AlgT (Spc).
Remark 3.17. We may associate to any T-algebra A a collection of homotopy sets as
follows: let r be the generator of T, then there is a functor θr : AlgT (Spc) → Spc given by
evaluating at r. It is customary to identify a T-algebra with the space θr (A). For each n ≥ 0
we denote by πn (A) the n
th homotopy set of θr (A) which is an abelian group for n ≥ 1.
By the previous remark, the homotopy set π0 (A) can be identified with τ≤0A (r) and if T is
a 1-category, the set π0 (A) carries the structure of an ordinary T-algebra; we will use both
notations in the sequel.
Remark 3.18. From the generating properties of the object r ∈ T, we deduce immediately
that the functor
θr : AlgT (Spc)−→Spc
is conservative. Combining this observation with the fact that θr preserves limits and geo-
metric realizations of simplicial objects and [11, Corollary 7.1.2.15], we see that a mor-
phism A → B of T-algebras is an effective epimorphism if and only if the induced map
π0(A)→ π0(B) on sets is surjective.
Definition 3.19. (1) A T-algebra X ∈ AlgT (Spc) is finitely generated if the functor
AlgT (Spc)→ Spc corepresented byX preserves small filtered colimits consisting only
of monomorphisms. Denote the full subcategory on the finitely generated algebras
by AlgT (Spc)
fg.
(2) A T-algebraX ∈ AlgT (Spc) is finitely presented if the functorAlgT (Spc)
fp → Spc
corepresented by X preserves small filtered colimits; that is, if X is a compact object.
Denote the full subcategory on the finitely presented algebras by AlgT (Spc)
fp.
Any free T-algebra, i.e. one in the essential image of j, is finitely presented. This follows
by the Yoneda lemma and Theorem 3.10. It follows, that there is a fully faithful functor
jfp : T →֒
(
AlgT (Spc)
fp
)op
.
In the classical theory of 0-truncated algebraic theories, a T-algebra A is finitely generated
if and only if there exists some free algebra F on finitely many generators and a quotient
map F → A. The same principle holds for T-algebras, with the caveat that an effective
equivalence relation must be replaced by an effective groupoid.
Proposition 3.20. Let A be a T-algebra. The following are equivalent.
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(1) A is finitely generated.
(2) There exists an object t ∈ T and an effective epimorphism q : j(t)→ A.
Proof. We start by proving that (1) ⇒ (2). Let A be finitely generated, and let Sub (A) be
the filtered poset of subobjects of A. Let Sub′ (A) be the subposet of Sub (A) of subobjects
of A that satisfy condition (2), which is nonempty (because every map j (t)→ A factors as
an epimorphism followed by a monomorphism) and is easily seen to be filtered. We claim
that A is the colimit of the diagram J : Sub′ (A) → AlgT (Spc): Since the ∞-categories
τ≤kAlgT (Spc)/A are stable under filtered colimits for k ≥ −2, the map
colim
−−−→
Ai∈Sub
′(A)
Ai → A
is a monomorphism, so the map of spaces
colim
−−−→
Ai∈Sub
′(A)
Ai (r)→ A (r)
is an inclusion of connected components (here we use that the evaluation functors preserve
filtered colimits). The evaluation functor
θr : AlgT (Spc)→ Spc
of Remark 3.18 is conservative, so it suffices to show that the morphism
colim
−−−→
Ai∈Sub
′(A)
Ai (r)→ A (r)
is an equivalence. To see this, we only have to check that this morphism induces a surjection
on connected components, meaning that every morphism j (r) → A factors through some
B ∈ Sub′ (A). This is the case as j (r)→ A factors as an effective epimorphism followed by
a monomorphism. Because A is finitely generated, we have
MapAlgT(Spc) (A,A) ≃ colim−−−→
Ai∈Sub
′(A)
(A,Ai) ,
so the identity map A→ A factors as
A
f
→ Ai → A
for some Ai ∈ Sub
′ (A). The map Ai → A is a monomorphism for any Ai, so the map
f : A
≃
−→ Ai is an equivalence.
Now we show that (2)⇒ (1) . Let
Y = colim
−−−→
i∈I
Yi
be a colimit of a filtered diagram consisting only of monomorphisms. A map A → Y
induces a map j (t) → Y which must factor through one of the Yi’s as j (t) is a compact
projective object inAlgT (Spc). Because Yi → Y is a monomorphism and the class of effective
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epimorphisms is left orthogonal to the class of monomorphisms, we can find a dotted arrow
that makes the diagram
j(t) Yi
A Y
commute, which proves that A is finitely generated. 
Now we characterize the class of finitely presented T-algebras.
Lemma 3.21. The subcategory AlgT (Spc)
fp is the smallest subcategory of AlgT (Spc) con-
taining the finitely generated free algebras and closed under finite colimits and retracts. More-
over, any finitely presented algebra is a retract of a finite colimit of finitely generated free
algebras.
Proof. Let C be the smallest full subcategory of AlgT (Spc) that contains the free algebras
and is stable under finite colimits and retracts. Since AlgT (Spc)
fp is stable under finite
colimits and retracts and contains the free algebras, we have C is contained in AlgT (Spc)
fp.
To establish the other inclusion, we show that every finitely presented T-algebra is a retract
of a finite colimit of free algebras. By Theorem 3.10 a), it follows that any T-algebra is
a small colimit of free T-algebras. By decomposing the index simplicial set K of a small
colimit into the partially ordered set of finite subsimplices of K, we may write the colimit of
K as a filtered colimit of finite colimits [11, Corollary 4.2.3.11]. Applying this to a finitely
presented simplicial T-algebra A, we have a filtered colimit
A = colim
−−−→
α
Aα,
where each Aα is a finite colimit of free T-algebras. Because A is finitely presented, the
identity map id : A → A factors trough some Aα → A, which shows that the desired
retraction exists. 
Theorem 3.22. Let C be any idempotent complete ∞-category with finite limits. Then
composition with jfp induces an equivalence of ∞-categories
Funlex
((
AlgT (Spc)
fp
)op
,C
) ∼
−−−−−−−→ FunΠ(T,C ) = AlgT (C )
whose inverse is given by right Kan extension.
Proof. The proof starts similarly to that of [10, Remark 3.4.6]. Consider the fully faithful
inclusions
T
jfp
−֒→
(
AlgT (Spc)
fp
)op ω
−֒→ (AlgT (Spc))
op .
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By Theorem 3.10 c), jfp preserves finite products, and furthermore, ω preserves finite limits,
so we have a commutative diagram of restriction functors
Funlex
((
AlgT (Spc)
fp
)op
,C
)
ω∗
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
(jfp)
∗
&&▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
FunR (AlgT (Spc)
op ,C )
(ω◦jfp)
∗
=j∗
// FunΠ(T,C ) .
We wish to show that
(
jfp
)∗
is an equivalence. First let us establish the claim in the case
that C has all small limits and colimits. Then
(
ω ◦ jfp
)∗
= j∗ is an equivalence by Theorem
3.11. Also, by Theorem 3.10, we have
Ind
(
AlgT (Spc)
fp
)
≃ AlgT (Spc) ,
and hence, it follows from [11, Propositions 5.3.5.10 and 5.5.1.9], that ω∗ is an equivalence,
and hence
(
jfp
)∗
is as well. We claim the inverse to
(
jfp
)∗
is given by Ranjfp . Since global
right Kan extension
Ranjfp : Fun (T,C )→ Fun
((
AlgT (Spc)
fp
)op
,C
)
is right adjoint to
(
jfp
)∗
, and
(
jfp
)∗
restricts to an equivalence as in the above diagram, it
suffices to show that if
F : T→ C
preserves finite products, Ranjfp F is left exact. By Lemma 3.13,
Ranjfp F ≃
(
Ranω◦jfp F
)
◦ ω
and by Theorem 3.11, Ranω◦jfp F = Ranj F preserves small limits. Since ω preserves finite
limits, we are done.
Now suppose that C is idempotent complete and has finite limits, but not necessarily
small limits or colimits. We claim that if F : T→ C preserves finite products, then Ranjfp F
exists and is left exact. Indeed, denote by y : C →֒ Psh (C ) the Yoneda embedding, and
consider y ◦F. Then Ranjfp (y ◦ F ) and can be computed by the standard pointwise formula.
Moreover, since y ◦ F preserves finite products, by the above paragraph, Ranjfp (y ◦ F ) is
left exact. Moreover, since jfp is fully faithful, for any t ∈ T,
Ranjfp (y ◦ F )
(
jfp (t)
)
≃ F (t) .
Now, since any X ∈
(
AlgT (Spc)
fp
)op
is a retract of a finite limit of objects in the essential
image of jfp by Lemma 3.21, and C is stable under finite limits and retracts in Psh (C ) (the
latter since C has retracts), it follows that Ranjfp (y ◦ F ) (X) is representable for all X. Since
y preserves all limits, we conclude that the pointwise right Kan extension Ranjfp F exists
y ◦ Ranjfp F ≃ Ranjfp (y ◦ F ) ,
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and Ranjfp F is left exact. By the universal property of Kan extensions, it follows that the
functor
Ranjfp : Fun (T,C )→ Fun
((
AlgT (Spc)
fp
)op
,C
)
exists and is right adjoint to
(
jfp
)∗
. We claim that the unit η : id ⇒ Ranjfp
(
jfp
)∗
is an
equivalence. Since y is conservative, it suffices to check that for all
H :
(
AlgT (Spc)
fp
)op
→ C
the induced morphism y ◦H → y ◦ Ranjfp
(
jfp
)∗
H is an equivalence. But we have that
y ◦Ranjfp
(
jfp
)∗
H ≃ Ranjfp
(
y ◦
(
jfp
)∗
H
)
≃ Ranjfp
(
jfp
)∗
(y ◦H) ,
for all F : T→ C . Now, since Psh (C ) is complete and cocomplete, we conclude that for all
G :
(
AlgT (Spc)
fp
)op
→ Psh (C ) ,
G→ Ranjfp
(
jfp
)∗
G is an equivalence, by the above paragraph. Applying this to G = y ◦H,
for
H :
(
AlgT (Spc)
fp
)op
→ C
then finishes the proof. 
In view of the above theorem, we call AlgT (Spc)
op the finite limit envelope of the
algebraic theory T.
Remark 3.23. Unwinding the definitions, we see that the identity functor corresponds to
jfp under the equivalence
Funlex
((
AlgT (Spc)
fp
)op
,
(
AlgT (Spc)
fp
)op) ∼
−−−−−−−→ AlgT
((
AlgT (Spc)
fp
)op)
.
Proposition 3.24. Let E be an ∞-topos. Then there is a canonical equivalence of ∞-
categories
AlgT (E) ≃ Geom
(
E,Psh
((
AlgT (Spc)
fp
)op))
,
between the ∞-category of T-algebras in E and the ∞-category of geometric morphisms from
E to Psh
((
AlgT (Spc)
fp
)op)
.
Proof. The∞-categoryGeom
(
E,Psh
((
AlgT (Spc)
fp
)op))
is equivalent to the full subcat-
egory of Fun
(
Psh
((
AlgT (Spc)
fp
)op)
,E
)
on those functors which preserve small colimits
and finite limits. By [11, Proposition 6.1.5.2], it follows that this ∞-category is in turn
equivalent to
Funlex
((
AlgT (Spc)
fp
)op
,E
)
,
so we are done by Theorem 3.22. 
Remark 3.25. In view of the above proposition, we call the∞-topos Psh
((
AlgT (Spc)
fp
)op)
the classifying ∞-topos of T, and denote by BT.
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Remark 3.26. Fix an integer n ≥ 0 and suppose T is an (n+ 1)-categorical algebraic
theory. Let τ≤nSpc ≃ Gpdn be the (n+ 1)-category of n-truncated spaces / n-groupoids.
Then jfp factors through the canonical inclusion
AlgT (τ≤nSpc)
op →֒ AlgT (Spc)
op .
Moreover, as any finitely generated free algebra is finitely presented, by abuse of notation
we have
jfp : T →֒
(
AlgT (τ≤nSpc)
fp
)op
.
Let C be an (n + 1)-category with finite limits. (Recall that any (n+ 1)-category with finite
limits is automatically idempotent complete.) Then by a completely analogous proof to that
of Theorem 3.22, composition with jfp induces an equivalence of (n+ 1)-categories
Funlex
((
AlgT (τ≤nSpc)
fp
)op
,C
) ∼
−−−−−−−→ FunΠ(T,C ) = AlgT (C )
whose inverse is given by right Kan extension.
Fix an integer n ≥ 0. Consider the functor τ≤n : Spc→ τ≤nSpc, which is left adjoint to the
canonical inclusion. Since τ≤n preserves finite products by [11, Lemma 6.5.1.2], it induces a
left adjoint to the canonical inclusion
AlgT (τ≤nSpc) →֒ AlgT (Spc) ,
sending an algebra A to τ≤n (A) . Note that in the special case that n = 0, this is the functor
π0 : AlgT (Spc)→ AlgT (Set) .
Proposition 3.27. If T is an (n+ 1)-categorical algebraic theory, the functor
τ≤n : AlgT (Spc)→ AlgT (τ≤nSpc)
restricts to a finite colimit preserving functor
τ≤n : AlgT (Spc)
fp → AlgT (τ≤nSpc)
fp .
Proof. Let A be in AlgT (Spc)
fp . Since A is finitely presented, it is a retract of a finite colimit
of finitely generated free algebras. Moreover, since T is a (n + 1)-category, every finitely
generated free T-algebra is in AlgT (τ≤nSpc) . Since τ≤n preserves colimits, this implies that
A is a retract of a finite colimit of finitely generated free algebras in AlgT (τ≤nSpc) , and
hence finitely presented. Moreover, as the category of finitely generated algebras is closed
under finite colimits in all algebras, since τ≤n preserves small colimits, its restriction preserves
finite ones. 
Warning 3.28. A finitely presented T-algebra in τ≤nSpc need not be finitely presented
when regarded as an object in AlgT (Spc) . For this to be the case, it must be homotopically
finitely presented, which is a stronger condition. For example, if n = 1 and A is a finitely
presented k-algebra (in Set), for k a field, if A admits a singularity which is not a local
complete intersection, then A is not homotopically finitely presented [15].
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Proposition 3.29. Let T be an (n+ 1)-categorical algebraic theory and C an (n+ 1)-
category with finite limits. Then the induced functor
(τ≤n)
∗ : Funlex
((
AlgT (Spc)
fp
)op
,C
)
→ Funlex
((
AlgT (τ≤nSpc)
fp
)op
,C
)
is an equivalence of (n + 1)-categories.
Proof. Given any finite product preserving functor F : T → C , consider the induced left
exact functors
F n :
(
AlgT (τ≤nSpc)
fp
)op
→ C
and
F :
(
AlgT (Spc)
fp
)op
→ C .
By uniqueness, since τ≤n preserves finite limits (since we have taken the opposite categories),
F ≃ F n ◦ τ≤n.
The result now follows from Theorem 3.22 and Remark 3.26 
Remark 3.30. Since
τ≤n : AlgT (Spc)
op → AlgT (τ≤nSpc)
op
preserves small limits, by an analogous proof to above, it follows using Theorem 3.11 that
if T is a (n+ 1)-categorical algebraic theory and C an (n+ 1)-category with small limits,
then the induced functor
(τ≤n)
∗ : FunR
((
AlgT (Spc)
fp
)op
,C
)
→ FunR
((
AlgT (τ≤nSpc)
fp
)op
,C
)
between functors preserving small limits, is an equivalence of (n + 1)-categories.
3.2. Unramified Transformations of Algebraic Theories. Given a morphism of alge-
braic theories f : T→ T′, we have an induced functor f ∗ : AlgT′ (Spc)→ AlgT (Spc) which
preserves small limits and small sifted colimits. A natural question that now arises is the
following:
• Under what conditions on the morphism f : T → T′ does the induced functor f ∗
preserve (a certain class of) pushouts?
To answer this question, we propose the following definition:
Definition 3.31. Let T and T′ be algebraic theories. A morphism of algebraic theories
f : T → T′ is unramified if for each morphism g : X → Y in T′ and each Z ∈ T′, the
diagram
f ∗j (X × Y ) f ∗j (X × Y × Z)
f ∗j (X) f ∗j (X × Z)
is a pushout in AlgT (Spc).
The significance of this definition is explained by the following theorem.
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Theorem 3.32. Let f : T→ T′ be an unramified transformation of algebraic theories. Then
f ∗ : AlgT′ (Spc)→ AlgT (Spc) preserves pushouts along effective epimorphisms.
The proof of this theorem requires some preparation: the argument depends on the exis-
tence of a convenient resolution of a pushout diagram where one of the maps is an effective
epimorphism as diagrams of the type appearing in Definition 3.31. Such resolutions are con-
structed [8, Sections 2-3] for Lurie’s pregeometries (these are algebraic theories with extra
structure specifying a class of ‘geometrically correct’ pullbacks), but we have no need of that
generality, so we construct them only for algebraic theories.
Definition 3.33. A diagram τ : Λ20 → AlgT (Spc) in the ∞-category of T-algebras is
elementary if it is equivalent to a diagram of the form
j (X × Y ) j (X × Y × Z)
j (X)
for some morphism X → Y in T and some Z ∈ T.
Proposition 3.34. Let f : T→ T′ be a transformation of algebraic theories, and let
A C
B
α
β
be a diagram σ : Λ20 → AlgT (Spc). Suppose there exists a diagram σ : C
✄×Λ20 → AlgT (Spc)
satisfying the following properties:
(1) For each vertex v of Λ20, the diagram C
✄ → C✄ × {v} → AlgT (Spc) is a colimit
diagram.
(2) For each object c ∈ C, f ∗ preserves colimits of the diagram
Λ20 → {c} × Λ
2
0 → AlgT (Spc) .
(3) On the cocone point, the diagram Λ20 → {−∞} × Λ
2
0 → AlgT (Spc) is equivalent to
the diagram σ.
(4) The ∞-category C is sifted.
Then f ∗ preserves colimits of the diagram σ.
Proof. We are given a diagram σ : Λ20 → AlgT′ (Spc)
A C
B
α
β
and a diagram σ : C✄ × Λ20 → AlgT′ (Spc) satisfying conditions (1) through (4) in the
statement of that proposition. Let −∞ be the cocone vertex of (Λ20)
✄
, then by properties
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(1) and (3) we have
colim
−−−→
σ ≃ colim
−−−→
D∈C
σ|C×{−∞} (D) .
By property (2) we have for each C ∈ C an equivalence
colim
−−−→
v∈Λ20
f ∗
(
σ|{C}×Λ20 (v)
)
≃ f ∗colim
−−−→
v∈Λ20
σ|{C}×Λ20 (v) .
Any transformation of algebraic theories preserves sifted colimits, so by property (4), we
have for each vertex v ∈ Λ20 an equivalence
colim
−−−→
D∈C
f ∗
(
σ|C×{v} (D)
)
≃ f ∗colim
−−−→
D∈C
σ|C×{v} (D) .
Hence, we get a chain of equivalences
f ∗colim
−−−→
σ ≃ f ∗colim
−−−→
D∈C
colim
−−−→
v∈Λ20
σ|C×Λ20 (D × v)
≃ colim
−−−→
D∈C
colim
−−−→
v∈Λ20
f ∗σ|C×Λ20 (D × v)
≃ colim
−−−→
v∈Λ20
colim
−−−→
D∈C
f ∗σ|C×Λ20 (D × v)
≃ colim
−−−→
v∈Λ20
f ∗colim
−−−→
D∈C
σ|C×Λ20 (D × v) ≃ colim−−−→
v∈Λ20
f ∗σ (v)
which proves the proposition. 
We now construct the desired resolution, and complete the proof of Theorem 3.32 by
applying Proposition 3.34 repeatedly.
Definition 3.35. Let T be an algebraic theory. We have seen that evaluating on the gener-
ating object r ∈ T induces a conservative functor
θr : AlgT (Spc) −→ Spc
which commutes with limits and sifted colimits. It follows from the adjoint functor theorem
that θr admits a left adjoint F , and from the Barr-Beck theorem [9] that the adjunction
F ⊣ θr is monadic, with T = θr ◦ F the associated endomorphism monad of θr. The left
action of T on θr induces a functor θ
′ : AlgT (Spc)→ LModT (Spc) which is an equivalence,
where LModT (Spc) denotes the ∞-category of left modules for the monad T.
Remark 3.36. In the situation of Definition 3.35, any left module M for T comes with a
resolution given by the Bar construction BarT (T,M)•, the simplicial object given by
. . . T3M T2M TM.
The face maps are induced by the multiplicative structure of the monad T. Given a simplicial
T-algebra A, the Bar construction of θ′ (A) is obtained by applying θ′ to the simplicial object
. . . (Fθr)
3A (Fθr)
2A (Fθr)A.
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Since θ′ is an equivalence, it follows that the geometric realization of the above diagram is
equivalent to A. The simplicial resolution of A described above is functorial in A, so given
a diagram σ : Λ20 → AlgT (Spc), we obtain a diagram σ : ∆
op
+ × Λ
2
0 → AlgT (Spc), where for
each vertex v ∈ Λ20, the diagram ∆
op
+ × {v} → AlgT (Spc) is the simplicial diagram above,
augmented by σ (v).
Lemma 3.37. Let A → B be an effective epimorphism of simplicial T-algebras. Then the
induced map (Fθr)A→ (Fθr)B is an effective epimorphism.
Proof. By assumption, the map of spaces A (r) → B (r) is surjective on connected compo-
nents. Since we can also assume that the map A (r)→ B (r) is a Kan fibration of simplicial
sets, it follows that we may assume that the map A (r) → B (r) is a map of simplicial sets
that is a surjection in each simplicial degree. Now the object F (A (r)) is itself obtained as
a geometric realization; it is the colimit
colim
−−−→
∆op
A (r)n ⊗ j (r) ,
where A (r)n ⊗ j (r) denotes the coproduct of j (r) indexed by the set A (r)n. It is also clear
that the map F (A (r))→ F (B (r)) is induced by a map of simplicial objects
A (r)• ⊗ j (r)→ B (r)• ⊗ j (r) .
Moreover, for each simplicial degree n, this map is induced by the map of sets
A (r)n → B (r)n ,
which, as we have just argued, may be assumed to be surjective. It follows that the map
(Fθr)A→ (Fθr)B is an effective epimorphism as well. 
Remark 3.38. Note that if A (r)n (and thus also B (r)n) is a finite set, then the induced
map A (r)n⊗j (r)→ B (r)n⊗j (r) is of the form required of the vertical map in an elementary
pushout diagram.
Proof of Theorem 3.32. Let f : T → T′ be an unramified transformation of algebraic theo-
ries, and let σ : Λ20 → AlgT (Spc) be a diagram
A C
B
α
β
where α is an effective epimorphism. Let ∆op+ ×Λ
2
0 → AlgT (Spc) be the diagram provided by
Remark 3.36. By repeatedly applying Lemma 3.37, we find that for every totally ordered set
[n], the morphism ∆1 → {[n]}×Λ20 → AlgT (Spc) corresponding to (Fθr)
n+1A→ (Fθr)
n+1B
is an effective epimorphism. Applying Proposition 3.34 we are reduced to proving that f ∗
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preserves pushout diagrams of the form
colim
−−−→
n∈∆op
A (r)n ⊗ j (r) colim−−−→
n∈∆op
C (r)n ⊗ j (r)
colim
−−−→
n∈∆op
B (r)n ⊗ j (r) .
The vertical map is induced by a map on simplicial objects A (r)• ⊗ j (r) → B (r)• ⊗ j (r),
and the proof of Lemma 3.37 tells us that we may assume that in each simplicial degree,
this map is given by a certain codiagonal determined by the surjective map A (r)n → Bn (r).
Also, we may replace the simplicial set C (r) by an equivalent simplicial set so that the map
A (r)→ C (r) is a cofibration. Applying Proposition 3.34 again, we only have to prove that
f ∗ preserves pushout diagrams of the form
A′ ⊗ j (r) C ′ ⊗ j (r)
B′ ⊗ j (r)
where A′, B′ and C ′ are maps of sets such that A′ → B′ is surjective and A′ → C ′ is injec-
tive. We note that this last diagram is a small coproduct of elementary pushout diagrams;
applying Proposition 3.34 one last time to the decomposition of this coproduct diagram as
a filtered colimit of finite coproducts, we see that we should show that f ∗ preserves colimits
of elementary pushout diagrams, but this is the case by assumption. 
3.3. Characterizing the finite limit envelope. Given a pair (C , S) with C an idempo-
tent complete ∞-category with finite limits, and S a T-algebra in C , i.e. S : T → C a
functor which preserves finite products, we would like to be able to identify when this is
equivalent to the finite limit envelope of T.
Definition 3.39. Let (C , S) be a pair with C an ∞-category, and S a T-algebra in C .
Given an object C of C , the functor
MapC (C, S ( · )) : T→ Spc
preserves finite products, and hence is a T-algebra. This assembles into a functor
ΓS : C → AlgT (Spc)
op .
With the hypothesis that C additionally is idempotent complete and has finite limits, by
Theorem 3.22,
Ranjfp S :
(
AlgT (Spc)
fp
)op
→ C
exists and is left exact. Moreover, there is a canonical equivalence
S ≃
(
jfp
)∗
Ranjfp S.
The functor Ranjfp S canonically induces a natural transformation
η : ω ⇒ ΓS ◦ Ranjfp S,
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where (
AlgT (Spc)
fp
)op ω
−֒→ (AlgT (Spc))
op ,
is the canonical inclusion. Namely, by the Yoneda lemma, for all finitely presented T-algebras
A,
A ≃MapAlgT(Spc) (j ( · ) , A) =Map(AlgT(Spc)fp)
op
(
A, jfp ( · )
)
,
and
ΓS ◦ Ranjfp S (A) ≃ MapC
(
Ranjfp (S) (A) ,Ranjfp (S)
(
jfp ( · )
))
,
and under these equivalences, η is just the map on mapping spaces induced by Ranjfp (S) .
Definition 3.40. A T-algebra S in C is versal if
i) ΓS ◦ Ranjfp S is left exact
ii) The component ηS (r) : ω (r) → ΓSS (r) is an equivalence, where r is the generator
of T.
Definition 3.41. A T-algebra S in C is generating if every object in C is a retract of a
finite limit of S (r) .
Definition 3.42. A T-algebra S in C is universal if and only if it is both versal and
generating.
Proposition 3.43. The following are equivalent for a T-algebra S in C :
(1) S is versal
(2) ηS : ω ⇒ ΓS ◦ Ranjfp S is an equivalence
Proof. (2) ⇒ (1) is clear, since ω is left exact. For (1) ⇒ (2) , notice that if ΓS ◦ Ranjfp is
left exact, then by Theorem 3.22, (2) holds if and only if(
jfp
)∗
ηS :
(
jfp
)∗
ω = j ⇒
(
jfp
)∗
ΓS ◦ Ranjfp S
is an equivalence. Notice that since jfp is fully faithful(
jfp
)∗
ΓS ◦ Ranjfp S = ΓS ◦
(
Ranjfp S
)
◦ jfp ≃ ΓS ◦ S.
Moreover, the left exactness of ΓS ◦ Ranjfp S implies ΓS ◦ S preserves finite products. Since
jfp does as well, it suffices to check that the component of
(
jfp
)∗
ηS along r is an equivalence,
which is precisely condition ii) of Definition 3.40. 
Theorem 3.44. Let S be a T-algebra in C . Then Ranjfp S :
(
AlgT (Spc)
fp
)op
→ C is fully
faithful if and only if S is versal. Moreover, Ranjfp is an equivalence if and only if S is both
versal and generating, i.e. universal.
Proof. Unwinding definitions, one sees that η is an equivalence, if and only if for all t in T
and all A in
(
AlgT (Spc)
fp
)op
,
Map(AlgT(Spc)fp)
op (A, j (t))→ MapC
(
Ranjfp S (A) ,Ranjfp S
(
jfp (t)
))
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is an equivalence. So clearly, if Ranjfp S is fully faithful, η is an equivalence. Conversely,
suppose η is an equivalence. Fix a finitely presented T-algebra A. Then the full subcategory
of
(
AlgT (Spc)
fp
)op
spanned by those B for which
Map(AlgT(Spc)fp)
op (A,B)→ MapC
(
Ranjfp S (A) ,Ranjfp S (B)
)
is an equivalence is closed under finite limits and retracts, and also contains j (r) , hence is
the whole ∞-category by Lemma 3.21.
Notice that if Ranjfp is fully faithful, its essential image is the smallest subcategory of C
containing S (r) and closed under retracts and finite limits. If S is generating, this smallest
subcategory is all of C and hence Ranjfp is also essentially surjective.
Conversely, suppose that Ranjfp is an equivalence. Then in particular it is fully faithful,
and hence S is versal. Also, the essential image of Ranjfp , on one hand is the smallest
subcategory of C containing S (r) and closed under retracts and finite limits, and on the
other hand is all of C , hence S is generating. 
Remark 3.45. Suppose that S is universal. Then it follows, in particular, that ΓS restricts
to a functor
ΓS : C
∼
−→
(
AlgT (Spc)
fp
)op
,
inverse to Ranjfp S.
Notice that the essential image of Ranjfp S is contained within the smallest subcategory of
C containing S (r) and closed under finite limits and retracts, so is in particular essentially
small. Therefore, to check if S is versal, we can without loss of generality assume that C is
essentially small. Since the Yoneda embedding
y : C →֒ Psh (C )
is fully faithful and preserves limits, one also has that S is versal if and only if y ◦ S is.
Moreover, ΓS has the following interpretation: The functor y ◦ S is in the subcategory
FunΠ (T,Psh (C )) on those functors which preserve finite products, and there are canonical
equivalences of ∞-categories
FunΠ (T,Psh (C )) ≃ FunR ((AlgT (Spc))
op ,Psh (C ))
≃ FunR (Psh (C )op ,AlgT (Spc))
≃ FunL (Psh (C ) , (AlgT (Spc))
op)
≃ Fun (C , (AlgT (Spc))
op) .
Under these equivalences, one has that y ◦ S corresponds to ΓS. Indeed, unwinding the
definitions, one has to check that Ranj (y ◦ S) is right adjoint to Lany (ΓS) . By the Yoneda
lemma, it follows that the right adjoint RS to Lany (ΓS) satisfies
RS (A) (C) ≃Map(AlgT(Spc))op (ΓS (C) , A) .
Since the evaluation functor
evC : Psh (C )→ Spc
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preserves all limits, it preserves pointwise right Kan extensions, and hence
Ranj (y ◦ S) (A) (C) ≃ Ranj (evC ◦ S) (A)
≃ Ranj (Map (C, S ( · ))) (A)
≃ Map(AlgT(Spc))op (ΓS (C) , A) .
The last equivalence follows since for any T-algebra B,Map(AlgT(Spc))op (B, · ) preserves limits
and one moreover has that
Map(AlgT(Spc))op (B, j ( · )) ≃ B.
Moreover, note that by Remark 3.25, we have
FunΠ (T,Psh (C )) = AlgT (Psh (C )) ≃ Geom (Psh (C ) ,BT) .
So both y ◦ S and ΓS are different ways of encoding the data of a geometric morphism
OS : Psh (C )→ BT.
We will now show that there is a simple topos-theoretic meaning of S being versal. To
explain this, we will first describe OS explicitly. To ease notation, denote by
ρS := Ranjfp S :
(
AlgT (Spc)
fp
)op
→ C .
This functor produces three adjoint functors (ρS)! ⊢ (ρS)
∗ ⊢ (ρS)∗
Psh
((
AlgT (Spc)
fp
)op)
//
//
Psh (C )oo ,
where (ρS)! and (ρS)∗ are global left and global right Kan extension respectively. In partic-
ular, the pair ((ρS)∗ , (ρS)
∗) constitute a geometric morphism
PS : BT→ Psh (C ) .
Notice moreover that since ρS is left exact, by [11, Proposition 6.1.5.2], (ρS)! = Lany (y ◦ ρS)
is also left exact. Hence the pair ((ρS)! , (ρS)
∗) constitutes a geometric morphism
OS : Psh (C )→ BT,
that is (OS)∗ = (ρS)
∗ and (OS)
∗ = (ρS)! .
Theorem 3.46. The following are equivalent for a T-algebra S in C :
(1) S is versal
(2) ρS is fully faithful
(3) (ρS)∗ is fully faithful
(4) (ρS)! is fully faithful
(5) (OS)
∗ is fully faithful
(6) the canonical morphism idBT → OS ◦ ρS in Geom (BT,BT) is an equivalence.
Proof. (1) ⇐⇒ (2) follows from Theorem 3.44. Notice that (ρS)∗ is fully faithful if and
only if the counit
(ρS)
∗ (ρS)∗ → idBT
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is an equivalence, and it is standard that this is equivalent to the unit
idBT → (ρS)
∗ (ρS)!
being an equivalence, which in turn is equivalent to the fully faithfulness of (ρS)! = (OS)
∗ .
Notice that the above unit is a morphism
idBT → (ρS)
∗ (OS)
∗ ,
i.e. a morphism in the ∞-category of geometric morphisms from BT to itself, and it is the
morphism being referred to in (6) . 
4. Properties of C∞-rings
As the category AlgC∞ (Set) of C
∞-rings is presentable, in particular, it has binary co-
products, which we denote by A ∞©B, and analogous to the case of commutative rings, we
will write pushouts as
A ∞©
C
B.
One of the main reasons that C∞-rings are so useful for geometry is that the functor
C
∞ :Mfd→ AlgC∞ (Set)
is fully faithful and preserves transverse pullbacks [13]. In particular, for smooth manifolds
M and N, even though there is a proper containment of commutative R-algebras
C
∞ (M)⊗
R
C
∞ (N) ( C∞ (M ×N) ,
there is an isomorphism of C∞-rings
C
∞ (M) ∞©C∞ (N) ∼= C∞ (M ×N) .
We will eventually prove the analogous statement for AlgC∞ (Spc) . For now we start with
the following:
Lemma 4.1. The functor
C
∞ :Mfd→ AlgC∞ (Spc)
is fully faithful.
Proof. The functor C∞ takes M to the ordinary C∞-ring of smooth functions on M , which
is a fully faithful functor (see [13]), followed by the fully faithful inclusion of discrete objects
into AlgC∞ (Spc). 
4.1. The Unramified Transformation. Using the results of the last section, we find that
the theory of simplicial C∞-rings is in fact controlled in large part by the underlying algebraic
model; in this case given by the transformation of algebraic theories ComR → C
∞. We write
( · )alg for the functor induced by this transformation; it takes values in AlgComR (Spc), the
∞-category of simplicial commutative R-algebras, and is clearly conservative. For M a
manifold, we will usually not write C∞ (M)alg, to avoid cluttering up notation; it will be
clear from the context when we think of C∞ (M) as an R-algebra. The following remark is
the main source of computational power when we deal with pushouts of simplicial rings.
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Remark 4.2. Recall that for a pushout diagram
A B
C D
of simplicial commutative algebras (over any ring), there is a convergent spectral sequence
Ep,q2 = Tor
pi∗(A)
p (π∗B, π∗C)q ⇒ πp+q (D) ,(1)
which we refer to as the torsion spectral sequence. See for instance [9, Proposition
7.2.1.19] and [10, Corollary 4.1.14].
In the sequel, we will often take derived global sections of sheaves on manifolds, or sheaves
on more general smooth spaces. In such situations, the following spectral sequence may be
applied.
Remark 4.3. Recall that for a sheaf of complexes F valued in an abelian category A on a
topological space X , there is a convergent hypercohomology spectral sequence
Ep,q2 = H
p (X,Hq (F))⇒ Hp+q (Γ(F)) ,(2)
where Hq (F) denotes the sheaf of the q’th cohomology of the complex F.
In the classical theory of (discrete) C∞-rings, the weak Nulstellensatz for ideals of the
C∞-rings C∞ (Rn) does not hold in general. We identify two classes of ideals for which the
weak Nulstellensatz is true.
Definition 4.4. Let M be a manifold and let I be an ideal of the commutative algebra
C∞ (M). Write Z (I) for the common zero locus of the functions in I.
(1) I is point determined iff for all f ∈ C∞ (M), f ∈ I iff f (x) = 0 for all x ∈ Z (I).
(2) I is germ determined iff for all f ∈ C∞ (M), f ∈ I iff fx ∈ Ix for all x ∈ Z (I).
It is not hard to prove that if the functions {f1, . . . , fn} ⊂ C
∞ (M) are independent, that
is, the common zero locus of these functions consists of regular points for the induced function
C∞ (M)→ Rn, then these functions generate a point determined ideal. The following lemma
is a derived analogue of this fact.
Lemma 4.5. Let M be an m-dimensional manifold and let {f1, . . . , fn} be independent
functions on M . Then the Koszul algebra C∞ (M) [y1, . . . , yn] with |yi| = −1 for 1 ≤ i ≤ n
and ∂yi = fi, is a projective resolution of C
∞ (Z (f1, . . . , fn)) in the category of differentially
graded C∞ (M)-modules.
Proof. Clearly, the Koszul complex is a complex of projective C∞ (M)-modules, so we should
show that the complex is a resolution. Consider the sheaf of dg C∞ (M)-modules onM given
by
F : U 7→ C∞ (U) [y1, . . . , yn] , ∂yi = fi|U , 1 ≤ i ≤ n,
whose complex of global sections is the Koszul algebra C∞ (M) [y1, . . . , yn]. The cohomology
sheaves are sheaves of C∞ (M)-modules which are fine, so the hypercohomology spectral se-
quence collapses at the second page and the cohomology of the global sections coincides with
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the global sections of the cohomology sheaves. Thus, to show that the higher cohomology of
the Koszul complex vanishes, it suffices to give for each point p ∈ M a neighborhood basis
{Vβ} such that C
∞ (Vβ) [y1, . . . , yn] has vanishing cohomology in degrees < 0. The function
(f1, . . . , fn) :M → Rn
has full rank at Z (f1, . . . , fn), so it has full rank in some open neighborhood
Z (f1, . . . , fn) ⊂ V.
By the constant rank theorem, there is an open cover {Uα} of V such that Uα ∼= Rm and in
these coordinates, the function (f1, . . . , fn) is the projection
(x1, . . . , xn) : Rm → Rn
onto the first n coordinates. We have a cover {Uα}
∐
{M \Z (f1, . . . , fn)} ofM so each point
in M has a neighborhood basis on which F evaluates as either a complex of the form
C
∞ (V ) [y1, . . . , yn] ,
with V ⊂M \ Z (f1, . . . , fn), which is acyclic because all fi|M\Z(f1,...,fn) are invertible, or we
have C∞ (U) [y1, . . . , yn], where U ⊂ Rm is an open subset and ∂yi = xi, the projection onto
the ith coordinate. Applying Hadamard’s lemma repeatedly, one finds that
C
∞ (U) / (x1, . . . , xi) ∼= C
∞
(
U ∩ {0} × Rm−i
)
for 1 ≤ i ≤ n. In particular, the function xi+1 is a non-zero divisor of C
∞ (U) / (x1, . . . , xi).
Thus, the sequence (x1, . . . , xn) is a regular sequence on C
∞ (U) showing that the cohomology
of the complex C∞ (U) [y1, . . . , yn] is C
∞ (U ∩ {0} × Rm−n) concentrated in degree 0. We
are left to show that the zero’th cohomology of the Koszul complex is C∞ (Z (f1, . . . , fn)).
This follows from the previous computation: the presheaf of zero’th cohomology is already
a sheaf and the global sections are clearly given by C∞ (Z (f1, . . . , fn)). 
Lemma 4.6. [14, Lemma 8.1],[8, Lemma 11.10] The transformation of algebraic theories
ComR → C
∞ is unramified.
Proof. We should prove that for any smooth map f : Rn → Rm and any k ≥ 0, the diagram
C∞ (Rn+m) C∞
(
Rn+m+k
)
C∞ (Rn) C∞
(
Rn+k
)
is a pushout in AlgComR (Spc). We proceed by induction on m; for m = 0, there is nothing
to prove. For m = 1, f : Rn → R is some smooth function. As we work with discrete objects,
the torsion spectral sequence collapses at the second page, so we should show that
Tor
C∞(Rn+1)
p
(
C
∞ (Rn) ,C∞
(
Rn+1+k
))
= 0, p ≥ 1,
and that
Tor
C∞(Rn+1)
0
(
C
∞ (Rn) ,C∞
(
Rn+1+k
))
∼= C∞ (Rn) ⊗
C∞(Rn+1)
C
∞
(
Rn+1+k
)
∼= C∞
(
Rn+k
)
.
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Denote the first n coordinates on Rn+1 collectively by x and the last coordinate by y. The
function y− f (x) is a submersion and its zero locus is Graph (f) ∼= Rn, so the ring C∞ (Rn)
admits a projective resolution as an C∞ (Rn+1)-module of the form(
C
∞
(
Rn+1
)
[z] , ∂z = y − f (x)
)
,
by Lemma 4.5. The torsion groups are computed as the cohomology of(
C
∞
(
Rn+1
)
[z] ⊗
C∞(Rn+1)
C
∞
(
Rn+1+k
)
∼= C∞
(
Rn+1+k
)
[z] , ∂z = y − f (x)
)
.
By Lemma 4.5 again, the complex on the right hand side is a resolution of
C
∞
(
Rn+1+k
)
/ (y − f (x)) ,
since the map C∞
(
Rn+1+k
)
→ C∞
(
Rn+k
)
given by restricting to the graph of y − f (x)
induces an isomorphism C∞
(
Rn+1+k
)
/ (y − f (x))→ C∞
(
Rn+k
)
.
For m > 1, we consider the diagram
C∞ (Rn+m+1) C∞
(
Rn+m+1+k
)
C∞ (Rn+1) C∞
(
Rn+1+k
)
C∞ (Rn) C∞
(
Rn+k
)
where the upper square is a pushout by the induction hypothesis applied to Rn+1. The large
rectangle is a pushout if and only if the lower square is a pushout, so we reduce to the case
m = 1, and we are done. 
Corollary 4.7. ( · )alg preserves pushouts along effective epimorphisms.
Proof. Apply Theorem 3.32 to the unramified transformation ComR → C
∞. 
Proving results by ‘unramifiedness’ using the corollary above unlocks the powerful tech-
niques available in the algebraic setting, and we will appeal to it several times in this article.
Remark 4.8. Using the resolution of effective epimorphisms between simplicial C∞-rings,
and Lemma 4.5, other useful comparison results between simplicial C∞-rings and simplicial
R-algebras can be proven. For instance, let A,B be finitely generated simplicial C∞-rings,
so that we have effective epimorphisms C∞ (Rn)→ A and C∞ (Rm)→ B. Then the natural
diagram
C∞ (Rn)⊗ C∞ (Rn) Aalg ⊗ Balg
C∞ (Rn+m) (A ∞©B)alg
is a pushout in AlgComR (Spc).
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Proposition 4.9. Let U be an open subset of Rn. Then U is the fiber f−1 (0) of a smooth
map
f : Rn+1 → Rn,
which is transverse to 0.
Proof. Let C be the compliment of U. Then, there is a smooth function χC : Rn → R such
that C = χ−1C (0) . Define a function
Rn+1 → R
(x1, . . . , xn, t) 7→ t · χC (x1, . . . , xn)− 1.
Notice that f (x1, . . . , xn, t) = 0 if and only if χC (x1, . . . , xn) 6= 0, and
t =
1
χC (x1, . . . , xn)
.
Hence, U ∼= f−1 (0) . Moreover, for (x1, . . . , xn, t) ∈ f
−1 (0) ,
d
dt
= f∗
(
1
χC (x1, . . . , xn)
∂
∂t
)
,
so f is transverse to 0. 
Corollary 4.10. Every manifold is a retract of a transverse pullback of Cartesian manifolds
( i.e. ones in C∞).
Proof. By Whitney’s embedding theorem, every manifold M can be embedded into Rn. Let
U be a tubular neighborhood for M. Then M is a retract of U. Hence we are done by
Proposition 4.9. 
Lemma 4.11. Let M,N be manifolds, then the natural map
C
∞ (M) ∞©C∞ (N)→ C∞ (M ×N)
is an equivalence.
Proof. Take an open submanifold U ⊂ Rn, and let χU be a characteristic function for U .
Denote by y the last coordinate on Rn+1, let
f (x, y) = χU (x) y − 1
and consider the pushout of the diagram
C∞ (R) C∞ (Rn+1)
R
ev0
f∗
The left vertical map is an effective epimorphism, so by unramifiedness, we can compute this
pushout in AlgComR (Spc). Using the spectral sequence of Remark 4.2, we see that the ho-
motopy groups of the pushout are computed as the torsion groups TorC
∞(R)
n (R,C
∞ (Rn+1)).
Using the projective resolution
(C∞ (R) [z] , ∂z = x)
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of R as a C∞ (R)-module, we find that the homotopy groups are given by the cohomology
of the complex (
C
∞
(
Rn+1
)
[z] , ∂z = χUy − 1
)
.
Lemma 4.5 and Proposition 4.9 imply that this complex has cohomology
C
∞
(
Rn+1
)
/ (f) ∼= C∞ (U)
concentrated in degree 0. Now for U, V open submanifolds of Euclidean spaces, with
presentations C∞ (U) ∼= C∞ (Rn+1) / (f) and C∞ (V ) ∼= C∞ (Rm+1) / (g), the coproduct
C∞ (U) ∞©C∞ (V ) is the colimit of the diagram
C∞ (R2) C∞ (Rn+1+m+1)
R
ev0
(f×g)∗
Using unramifiedness, the torsion spectral sequence, and Lemma 4.5 again, we find that the
pushout above is the discrete C∞-ring C∞ (U × V ).
Now we treat the case of general manifolds M,N . Let Dom be the category of open
submanifolds of Cartesian manifolds, then by Corollary 4.10, we may realize M and N
as retracts of some U respectively V in Dom. Then M × N is a retract of U × V ,
C∞ (M) ∞©C∞ (N) is a retract of C∞ (U) ∞©C∞ (V ) and C∞ (M ×N) is a retract of
C∞ (U × V ). But as the natural map C∞ (U) ∞©C∞ (V ) → C∞ (U × V ) is an equiva-
lence, C∞ (M) ∞©C∞ (N) and C∞ (M ×N) split equivalent idempotents, so the natural
map C∞ (M) ∞©C∞ (N)→ C∞ (M ×N) must be an equivalence. 
Remark 4.12. Notice that the proof of Lemma 4.11 shows that the functor
C
∞ :Mfd→ AlgC∞ (Spc)
creates retracts of pushouts of compact projective objects of AlgC∞ (Spc), and its essential
image therefore consists of finitely presented objects.
Lemma 4.13. The functor C∞ : Mfd → AlgC∞ (Spc)
op sending a manifold M to the
discrete simplicial C∞-ring of smooth functions on M preserves transverse pullbacks of the
form
N ×U M N
M U
where U is an open submanifold of Rn for some n ≥ 0.
Proof. We note that the pullback N ×U M is equivalent to the pullback
(M ×N)×U×U U N ×M
U U × U
g
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and, since the functor C∞ : Mfd → AlgC∞ (Spc)
op preserves binary products by Lemma
4.11, we only have to deal with pullback diagrams of the form above. Because the map
C∞ (U × U) → C∞ (U) induced by the diagonal U → U × U is an (effective) epimorphism
and the fact that the transformation of algebraic theories ComR → C
∞ is unramified, there
is a natural equivalence(
C
∞ (U) ∞©
C∞(U×U)
C
∞ (N ×M)
)alg
≃ C∞ (U) ⊗
C∞(U×U)
C
∞ (N ×M) .
As ( · )alg is conservative, it suffices to show that C∞ (U) ⊗
C∞(U×U)
C∞ (N ×M) is 0-truncated
and the natural map
τ≤0
(
C
∞ (U) ⊗
C∞(U×U)
C
∞ (N ×M)
)
→ C∞ ((M ×N)×U×U U)
is an equivalence. To see this, we note that we work with discrete objects, so the torsion
spectral sequence (1) collapses at the second page and we have natural isomorphisms
TorC
∞(U×U)
n (C
∞ (U) ,C∞ (N ×M)) ∼= πn
(
C
∞ (U) ⊗
C∞(U×U)
C
∞ (N ×M)
)
.
Since U ⊂ Rn is open, the diagonal embedding U → U×U is cut out by n independent func-
tions {f1, . . . , fn}, so Lemma 4.5 provides us with a projective resolution C
∞ (U × U) [y1, . . . , yn]
of C∞ (U) as a C∞ (U × U)-module. The torsion groups are computed as the cohomology
of (
C∞ (U × U) [y1, . . . , yn] ⊗
C∞(U×U)
C∞ (N ×M) ∼= C∞ (N ×M) [y1, . . . , yn] , ∂yi = fi ◦ g, 1 ≤ i ≤ n
)
.
Because g : N×M → U×U is transverse to U → U×U , the functions fi◦g are independent,
so, again by Lemma 4.5, this complex is a projective resolution of C∞ (Z (f1 ◦ g, . . . , fn ◦ g)).
But Z (f1 ◦ g, . . . , fn ◦ g) is the closed submanifold (M ×N)U×U U → N ×M . 
We will show later (Theorem 4.52) that the functor C∞ preserves all transverse pullbacks
using a local-to-global argument.
Remark 4.14. Combing the above lemma with Corollary 4.10 gives another proof that for
any manifold M, C∞ (M) is in AlgC∞ (Spc)
fp .
4.2. Localizations of C∞-rings.
Definition 4.15. Let A be a simplicial C∞-ring and let a ∈ π0 (A). We say that a map
f : A→ B such that f (a) ∈ π0 (B) is invertible is a localization of A with respect to a
if for each C ∈ AlgC∞ (Spc), the map MapAlgC∞ (Spc) (B,C) → MapAlgC∞ (Spc) (A,C) given
by composition with f induces a homotopy equivalence of Kan complexes
MapAlgC∞(Spc) (B,C)
≃
−→Map0AlgC∞(Spc) (A,C) ,
whereMap0
AlgC∞(Spc)
(A,C) is the union of those connected components ofMapAlgC∞ (Spc) (A,C)
spanned by those maps g such that g (a) is invertible in π0 (C).
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In the case of an ordinary C∞-ring A and some a ∈ A, the above definition reduces to the
usual C∞ localization A [1/a] given up to equivalence by the pushout
C∞ (R) A
C∞ (R \ {0}) A [1/a]
qa
of C∞-rings. The localization of a simplicial C∞-ring admits a similar characterization, for
which we will need the following definition.
Definition 4.16. (1) A map f : A → B of simplicial commutative rings is strong (in
the sense of [16, Definition 2.2.2.1]) if the natural map
πn (A) ⊗
pi0(A)
π0 (B)→ πn (B)
is an isomorphism for all n ≥ 0.
(2) A map f : A→ B of simplicial C∞-rings is strong if falg : Aalg → Balg is strong.
Proposition 4.17. Let A be a simplicial C∞ ring and let a ∈ π0 (A), and let f : A→ B a
map of simplicial C∞-rings. The following are equivalent:
(1) The map f : A→ B exhibits B as a localization with respect to a.
(2) For every n ≥ 0, the induced map
πn
(
Aalg
)
⊗
pi0(Aalg)
(π0 (A) [1/a])
alg → πn
(
Balg
)
is an equivalence; that is, f is strong and the map of C∞-schemes corresponding to
π0 (A)→ π0 (B) is an open inclusion.
(3) B fits into a pushout diagram
C∞ (R) A
C∞ (R \ {0}) B
qa
f
where qa is the unique up to homotopy map associated to a ∈ π0 (A) (note that as a
consequence, localizations always exist).
Proof. First, we show that (1) is equivalent to (3). Let A be a simplicial C∞-ring, and choose
some a ∈ π0 (A). By an elementary cofinality argument, we can write A as a directed colimit
of finitely generated subrings
colim
−−−→
i∈J
Ai ≃ A
such that a ∈ π0 (Ai) for all i ∈ J. We claim that the map
ϕ : A→ colim
−−−→
i∈J
(
Ai
[
a−1
])
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is a localization. To see this, we let C be any simplicial C∞-ring and f ∈MapAlgC∞(Spc) (A,C)
and we consider the homotopy pullback
Kf lim←− i∈J
MapAlgC∞ (Spc) (Ai [a
−1] , C)
{f} MapAlgC∞(Spc) (A,C)
of Kan complexes. The map ϕ is a localization if and only if for each C and each f , Kf is
weakly contractible if f (a) is invertible in π0 (C) and empty if f (a) is not invertible. The
map f induces maps fi : Ai → C, and Kan complexes
Kfi := {fi} ×
h
MapAlgC∞ (Spc)(Ai,C)
MapAlgC∞ (Spc)
(
Ai
[
a−1
]
, C
)
,
and we have an equivalence lim
←− i∈J
Kfi ≃ Kf . If f (a) (and therefore fi (a)) is not invertible,
Kf is a limit of empty simplicial sets and also empty. If f (a) (and therefore fi (a)) is
invertible, Kf is a limit of weakly contractible Kan complexes and also weakly contractible.
Now if Ai → Ai [a
−1] satisfies (3) for all i ∈ J, then
A→ colim
−−−→
i∈J
(
Ai
[
a−1
])
satisfies (3) and vice versa, so we reduce to the case of finitely generated simplicial C∞-rings.
If A is finitely generated, we have an effective epimorphism p : C∞ (Rn)→ A for some n by
Proposition 3.20, so the map qa : C
∞ (R) → A defining a ∈ π0 (A) factors up to homotopy
through p, which defines some aˆ ∈ C∞ (Rn). Consider the diagram
C∞ (R) C∞ (Rn) A
C∞ (R \ {0}) C∞ (Rn) [aˆ−1] A [a−1] .
p
The left square is a pushout, so the right square is a pushout if and only if the outer rectangle
is a pushout, and we reduce to the case of free simplicial C∞-rings, for which we already
know that the localization is given by the pushout (3) in the truncated 1-category of C∞-
rings, which coincides with the pushout in AlgC∞ (Spc) by Lemma 4.13.
Now we show that (3) and (2) are equivalent. First, we show that (3) implies (2). Since taking
homotopy groups and tensor products commutes with filtered colimits, we may assume that
we are dealing with finitely generated objects. The localization of a finitely generated object
A is given by the pushout diagram above for some effective epimorphism p : C∞ (Rn)→ A.
Let U ⊂ Rn be the open set where the function aˆ is nonzero. By unramifiedness, A [a−1] is
given by the pushout
A ⊗
C∞(Rn)
C
∞ (U)
34 DAVID CARCHEDI AND PELLE STEFFENS
of simplicial commutative rings. Moreover, since U → Rn is an open inclusion, the map on
smooth functions is flat so applying the torsion spectral sequence we have an equivalence
πn (A) ⊗
C∞(Rn)
C
∞ (U) ≃ πn
(
A ⊗
C∞(Rn)
C
∞ (U)
)
= πn
(
A
[
a−1
])
,
for all n ≥ 0, so we have equivalences
πn
(
A
[
a−1
])
≃ πn (A) ⊗
C∞(Rn)
C
∞ (U)
≃ πn (A) ⊗
pi0(A)
π0 (A) ⊗
C∞(R)
C
∞ (U)
≃ πn (A) ⊗
pi0(A)
π0
(
A
[
a−1
])
.
What remains to be shown is that (2) implies (3). If f : A→ B satisfies (2), then there is an
induced map A [a−1]→ B where A [a−1] is the pushout of (3). As we have just verified, this
map induces an isomorphism on all homotopy groups so it is an equivalence as the functors
taking homotopy groups are jointly conservative. 
Remark 4.18. Combining Corollary 4.12 with Proposition 4.17 shows that the localization
of a finitely presented simplicial C∞-ring with respect to any a ∈ π0 (A) is again finitely
presented.
4.3. Spectra of C∞-rings.
4.3.1. The functor SpecC∞. Notice that R carries the structure of topological C∞-ring. More
formally, this is realized as the canonical forgetful functor
u : C∞ → Top
to topological spaces. By Theorem 3.22, the right Kan extension
Sp := Ranjfp u :
(
AlgC∞ (Spc)
fp
)op
→ Top
preserves finite limits. Moreover, by Proposition 3.29,
Sp ≃ Sp0 ◦ π0
(see the proof of the proposition for the notation). Therefore, to describe the functor Sp, it
suffices to describe the analogous functor Sp0 for finitely presented C
∞-rings in Set. Notice
that forgetful functor
( · ) : Top→ Set
preserves limits, hence
Sp0 = Ranjfp u.
Furthermore, the functor
u : C∞ → Set
preserve finite products and hence is a C∞-ring; it is precisely the C∞-ring C∞ (R0) = R.
It follows from the above that
Sp0 ( · ) ≃MapAlgC∞ (Spc)fp ( · ,R) ≃ HomAlgC∞(Set)fp (π0 ( · ) ,R) .
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Hence, if A is a finitely presented C∞-algebra in spaces, the underlying set of Sp (A) is
Hom
AlgC∞(Set)
fp (π0 (A) ,R) .
Since Sp = Ranjfp u can be computed by a pointwise Kan extension formula, it follows that
Sp (A) is the set
HomAlgC∞ (Set)fp (π0 (A) ,R)
equipped with the initial topology with respect to the maps
HomAlgC∞ (Set)fp (π0 (A) ,R)→ HomAlgC∞(Set)fp (π0 (C
∞ (Rn)) ,R) = Rn,
induced by all maps
C∞ (Rn)→ A,
and where Rn is given the standard topology. This is the coarsest topology making each
map
HomAlgC∞ (Set)fp (π0 (A) ,R)→ HomAlgC∞(Set)fp (π0 (C
∞ (R)) ,R) = R,
continuous, for each map C∞ (R)→ π0 (A) . However, maps
C∞ (R)→ π0 (A)
are in natural bijection with elements of π0 (A) , as C
∞ (R) is the free C∞-ring on one
generator. Given an element a ∈ π0 (A) , the induced map
HomAlgC∞ (Set)fp (π0 (A) ,R)→ R
is given simply by evaluation at a. Summarizing, we have that
Sp (A) = Hom
AlgC∞ (Set)
fp (π0 (A) ,R)
equipped with the coarsest topology making each evaluation map
eva : HomAlgC∞(Set)fp (π0 (A) ,R)→ R,
continuous, for each a ∈ π0 (A) . More explicitly, this means that the subsets of
Hom
AlgC∞ (Set)
fp (π0 (A) ,R)
of the form ev−1a (U) form a subbasis for the topology.
Lemma 4.19. Each open subset of the form ev−1a (U) is also of the form Wb := ev
−1
b (R \ 0) .
Moreover, these open subsets are closed under finite intersection. In particular, they not only
form a subbasis, but also a basis.
Proof. Let U ⊆ R be open. Then there exists a smooth function
χU : R→ R,
such that U = χ−1U (R \ 0) . But this implies that
ev−1a (U) = (χU ◦ eva)
−1 (R \ 0)
= ev−1χU (a) (R \ 0) .
This implies the first statement. For the second, note that since R has no zero-divisors, it
follows that Wa ∩Wb = Wab. 
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Proposition 4.20. Every open subset of Sp (A) is of the form Wa.
Proof. Since π0 (A) is finitely presented, it is in particular finitely generated, so we may find
a surjective homomorphism
π : C∞ (Rn)→ π0 (A) ,
and Sp (A) = Sp (π0 (A)) is naturally a closed subset of Sp (C
∞ (Rn)) = Rn. Let U be any
open subset of Sp (A) , and denote its compliment by C. Then C is also a closed subset of
Rn, so we may find a smooth function g : Rn → R such that g−1 (0) = C. It follows that
C = ev−1pi(g) (0) , and hence U =Wpi(g). 
Definition 4.21. Consider the functor
Shv ( · ,AlgC∞ (Spc)) : Top→ Ĉat∞
induced by the push-forward functor, and the induced coCartesian fibration∫
Top
Shv ( · ,AlgC∞ (Spc))→ Top.
Informally, the objects are pairs (X,OX) with X a topological space and OX a sheaf of
simplicial C∞-rings on X, and the morphisms are pairs
(f, α) : (X,OX)→ (Y,OY ) ,
with f a continuous map and
α : OY → f∗OX .
Denote by LocC∞ the full subcategory on those objects such that each stalk of π0OX is a
local C∞-ring with residue field R. The objects of LocC∞ will be called homotopically
locally C∞-ringed spaces.
Remark 4.22. Since all the residue fields are R, it follows that all maps between homotopi-
cally C∞-ringed spaces are local, in the sense that the induced map on stalks by are maps
of local rings.
Remark 4.23. Note that for each continuous map f : X → Y in Top, the push-forward
functor
f∗ : Shv (X,AlgC∞ (Spc))→ Shv (Y,AlgC∞ (Spc))
has a left adjoint f ∗. It follows from [11, Corollary 5.2.2.5] that∫
Top
Shv ( · ,AlgC∞ (Spc))→ Top
is also a Cartesian fibration. Unwinding the definitions, we may identify it as arising from
the functor
Shv ( · ,AlgC∞ (Spc))
∗ : Topop → Ĉat∞
induced by the pullback functor.
Lemma 4.24. The ∞-category ∫
Top
Shv ( · ,AlgC∞ (Spc))
has finite limits and the functor to Top preserves them.
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Proof. Denote by F the composite
Topop
Shv( · ,AlgC∞(Spc))
∗
−−−−−−−−−−−−−→ Ĉat∞
( · )op
−→ Ĉat∞.
Then there is a canonical equivalence∫
Top
Shv ( · ,AlgC∞ (Spc)) ≃
(∫
Topop
F
)op
over Top. So it suffices to prove that
∫
Topop
F has finite colimits and the functor to Topop
preserves them. Consider a continuous map f : X → Y and the restriction functor.
f ∗ : Shv (Y,AlgC∞ (Spc))→ Shv (X,AlgC∞ (Spc)) .
We have a canonical equivalence
Shv (X,AlgC∞ (Spc)) ≃ AlgC∞ (Shv (X))
and similarly for Y. Since C∞ is an algebraic theory, the forgetful functor
AlgC∞ (Shv (X))→ Shv (X)
preserves limits, and hence f ∗ preserves finite limits, since the functor
f ∗ : Shv (Y )→ Shv (X)
does. The result now follows from [11, Corollary 4.3.1.11]. 
Remark 4.25. Unwinding the definitions, we see that moreover, given a functor from a
finite ∞-category J
F : J →
∫
Top
Shv ( · ,AlgC∞ (Spc)) ,
the limit may be computed as follows: First, consider the fibration
p :
∫
Top
Shv ( · ,AlgC∞ (Spc))→ Top
and denote by X the limit of p ◦F. Let ρ : ∆X ⇒ pF be a limiting cone for X. Consider the
functor
FX : J → Shv (X,AlgC∞ (Spc))
j 7→ ρ∗jF (j) ,
and let OX := colim−−−→
j∈J
FX (j) . Then (X,OX) is a limit of F.
Proposition 4.26. The ∞-category∫
Top
Shv ( · ,AlgC∞ (Spc))
is idempotent complete.
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Proof. The proof is analogous to the proof of Lemma 4.24, by replacing limits of finite shape
with limits of diagrams of the form
F : Idem→
∫
Top
Shv ( · ,AlgC∞ (Spc)) ,
since retracts are preserved by all functors. 
Remark 4.27. Notice that for all f : X → Y continuous, that there is a pullback diagram
in Spc
Map (OY , f∗OX) //

Map ((X,OX) , (Y,OY ))

∗
f
// Hom (X, Y ) .
It follows that there is an canonical equivalence
Map ((X,OX) , (Y,OY )) ≃
∐
f∈Hom(X,Y )
Map (OY , f∗OX)
≃
∐
f∈Hom(X,Y )
Map (f ∗OY ,OX) .
Comparing this to the simplicial mapping spaces of Spivak [14, Definition 6.3], in light of
Remark 4.22, we conclude that (the homotopy coherent nerve of) Spivak’s LRS is equivalent
to the full subcategory of LocC∞ on those objects (X,OX) for which OX is a hypersheaf.
Remark 4.28. Since each f ∗ is left exact and colimit preserving, it follows from [11, Propo-
sition 5.5.6.28], that the 0-truncation functors induce a canonical natural transformation
π0 : Shv ( · ,AlgC∞ (Spc))
∗ ⇒ Shv ( · ,AlgC∞ (Set))
∗ .
Therefore, there is an induced functor
t0 :
∫
Top
Shv ( · ,AlgC∞ (Spc))
∗ →
∫
Top
Shv ( · ,AlgC∞ (Set))
∗
over Top. Concretely,
t0 (X,OX) = (X, π0OX) .
Since each f∗ is also left exact, the natural inclusions
i0 : Shv (X,AlgC∞ (Set)) →֒ Shv ( · ,AlgC∞ (Spc)) ,
which are right adjoint to each π0, by [11, Proposition 5.5.6.16], induce a natural transfor-
mation
i0 : Shv ( · ,AlgC∞ (Set))⇒ Shv ( · ,AlgC∞ (Spc)) ,
and under the equivalence∫
Top
Shv ( · ,AlgC∞ (Spc))
∗ ≃
∫
Top
Shv ( · ,AlgC∞ (Spc)) ,
we have an adjunction io ⊣ t0, and i0 is fully faithful.
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Lemma 4.29. The ∞-category LocC∞ has finite limits and the inclusion
LocC∞ →֒
∫
Top
Shv ( · ,AlgC∞ (Spc))
preserves them. Moreover LocC∞ is idempotent complete.
Proof. Notice that (X,OX) is a homotopically locally C
∞-ringed space if and only if t0 (X,OX)
is a locally C∞-ringed space. First we show that LocC∞ has finite limits. Since t0 preserves
limits, the result follows from [5, Proposition 7]. However, since limits of shape Idem in any
1-category become equalizer diagrams, we can again use [5, Proposition 7] to conclude that
LocC∞ is is closed under retracts in∫
Top
Shv ( · ,AlgC∞ (Spc)) .

Proposition 4.30. Let (R,C∞R ) be the smooth manifold R regarded as on object of LocC∞ .
Then, for all n ≥ 0, (R,C∞R )
n ≃ (Rn,C∞Rn) .
Proof. For n = 0 this is obvious, and for all non-zero n, the case is analogous to the case
n = 2, which we present for simplicity. According to Remark 4.25,
(R,C∞R )× (R,C
∞
R ) ≃
(
R2, pr∗1C
∞
R ∞©pr
∗
2C
∞
R
)
.
The sheaf pr∗1C
∞
R ∞©pr
∗
2C
∞
R over R
2 is the sheafification of the presheaf
W 7→ pr∗1C
∞
R (W ) ∞©pr
∗
2C
∞
R (W ) .
We claim the sheafification is equivalent to C∞R2 . For this, it suffices to show that for all
U, V ⊆ R, open pr∗1C
∞
R (U × V ) ∞©pr
∗
2C
∞
R (U × V ) ≃ C
∞ (U × V ) . Since pr1 and pr2 are
open maps, the above C∞-ring is equivalent to
C
∞ (U) ∞©C∞ (V ) ,
so the result now follows from Lemma 4.11. 
Corollary 4.31. (R,C∞R ) has the canonical structure of a C
∞-ring object in LocC∞ .
Definition 4.32. Denote by R : C∞ → LocC∞ the C∞-ring from the above corollary. Define
the functor
SpecC∞ := Ranjfp (R) :
(
AlgC∞ (Spc)
fp
)op
→ LocC∞ .
For A a finitely presented C∞-ring in Spc, SpecC∞ (A) is the C
∞-spectrum of A.
Similarly, by abuse of notation,
R : C∞ → Loc0C∞ ,
with Loc0C∞ the category of spaces locally ringed in C
∞-rings (equivalently, the full subcat-
egory of LocC∞ on those objects (X,OX) for which OX is 0-truncated) is a C
∞-ring object,
and we can define
Spec 0C∞ := Ranjfp (R) :
(
AlgC∞ (Set)
fp
)op
→ Loc0C∞ .
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Remark 4.33. Since t0 : LocC∞ → Loc
0
C∞ preserves finite limits, and Loc
0
C∞ is a 1-category,
it follows from Proposition 3.29 that for any A a finitely presented C∞-ring in Spc,
t0 (SpecC∞ (A)) ≃ Spec
0
C∞ (π0 (A)) .
Remark 4.34. Recall that the forgetful functor
p : LocC∞ → Top
preserves finite limits, so it follows that
p ◦ SpecC∞ ≃ Sp.
Hence we can write SpecC∞ (A) = (Sp (A) ,OA) , for some sheaf OA.
Remark 4.35. Let A be an object ofAlgC∞ (Spc)
fp . Then since π0 (A) is finitely presented,
and Sp (A) ∼= Sp (π0 (A)) , Sp (A) is a closed subset of some Rn, and hence paracompact and
of finite covering dimension. As a corollary, Shv (Sp (A)) has finite homotopy dimension and
is therefore hypercomplete by [11, Theorem 7.2.3.6 and Corollary 7.2.1.12]. In particular,
OA is a hypersheaf.
Theorem 4.36. [5, Theorem 16] The natural functor Mfd→ Loc0C∞ factors as
Mfd
C∞
−−−−−−−→
(
AlgC∞ (Set)
fp
)op Spec 0C∞
−−−−−−−−−−−−−→ Loc0C∞ ,
and is fully faithful.
Theorem 4.37. [5, Theorem 14] The functor Spec 0C∞ is fully faithful, and for any finitely
presented C∞-algebra in Set,
A ≃ Γ (OA) .
Corollary 4.38. For A a finitely presented C∞-algebra in Set, andWa ⊆ Sp (A) an arbitrary
open subset, with a ∈ A, then
OA (Wa) ∼= A
[
a−1
]
.
Proof. Notice that there is a pullback diagram
(Wa,OA|Wa) //

(
R \ 0,C∞R\0
)

(Sp (A) ,OA) // (R,C∞R )
in Loc0C∞ . As the left most vertical arrow can be identified with Spec
0
C∞ (C
∞ (R)→ C∞ (R \ 0))
by Theorem 4.36, and since Spec 0C∞ preserves finite limits, it follows by Proposition 4.17
that
(Wa,OA|Wa) ≃ SpecC∞
(
A
[
a−1
])
.
Hence
OA (Wa) ∼= Γ (OA|Wa)
∼= Γ
(
OA[a−1]
)
∼= A
[
a−1
]
,
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since any localization of a finitely presented algebra is finitely presented by Remark 4.18 
Later, we will give a similar description of OA for A a finitely presented C
∞-algebra in
Spc (Corollary 4.49).
4.3.2. Modules for C∞-rings.
Definition 4.39. Let A be in AlgC∞ (Set) . An A-module is a module for the underlying
commutative R-algebra Aalg of A. Similarly, if OX is a sheaf of C∞-rings on a space X, an
OX-module is a module sheaf for the underlying sheaf O
alg
X of commutative R-algebras.
Let A be finitely presented. Note that there is global sections functor
Γ :ModOA →ModA.
Proposition 4.40. [6, Theorem 5.19] The functor Γ has a left adjoint MSpec C∞. Explicitly,
MSpec C∞ (M) is the sheafification of the presheaf
(3) M˜ : Wa 7→ M ⊗
Aalg
(
A
[
a−1
])alg
.
Definition 4.41. An A-module M is complete if the unit
M → ΓMSpec C∞ (M)
is an isomorphism.
Remark 4.42. Let A be a C∞-ring. Joyce proves the following facts about the class of
complete A-modules:
(1) An A-module M is complete if and only if M arises as the global sections of a sheaf
of OSp(A)-modules on Sp (A).
(2) If A is finitely presented, then M is a complete A-module if M is finitely presented.
We will also have need of the following useful property of complete modules.
Proposition 4.43. Let f : A → B be a surjective map of finitely generated C∞-rings, and
let M be a B-module. If M is complete as an A-module (via f), then M is complete as a
B-module.
Proof. Considering M as an A-module, MSpec AC∞ (M) is the sheaf FM associated to the
presheaf
Wa 7→M ⊗
Aalg
(
A
[
a−1
])alg ∼= M ⊗
Balg
(
B
[
f (a)−1
])alg
.
Meanwhile, MSpec BC∞ (M) is the sheaf F
′
M associated to the presheaf
Wb 7→M ⊗
Balg
(
B
[
b−1
])alg
.
Using that f is surjective, it follows easily that for each point of Spec 0C∞ (B), that is, for
each φ : B → R, the map of filtered posets
{a ∈ A; φ (f (a)) 6= 0} −→ {b ∈ B; φ (b) 6= 0}
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is left cofinal. Using this fact, it follows by checking on stalks that FM is simply the direct
image sheaf of F′M along the map Sp (f) : Sp (B)→ Sp (A), so the global sections of FM and
F′M coincide. Thus, ifM is complete as an A-module, thenM is complete as a B-module. 
Theorem 4.44. Let A be a finitely presented C∞-algebra in Spc . Then for all n ≥ 0, πn (A)
is a complete π0 (A)-module.
We prove this theorem at the end of this section.
Remark 4.45. For the proof of the next corollary, we will use that the structure sheaf of
the spectrum Spec 0C∞ (A) of a finitely presented C
∞-ring A is a fine sheaf, which is proven
as [6, Corollary 4.42]. It follows that sheaves of OSp(A)-modules are also fine; in particular,
the derived global section of such sheaves of modules vanish in degrees other than 0.
Corollary 4.46. Let A be a finitely presented C∞-algebra in Spc . Then the presheaf
O˜A :Wa 7→ A
[
a−1
]
is a sheaf.
Proof. Notice that
O˜A|Wa
∼= O˜A[a−1].
SinceWa is an open subset of Sp (A) , and A [a
−1] is also finitely presented, it suffices to show
that for any finitely presented A, global sections of the sheafification of O˜A is equivalent to
A. Denote this sheafification by OA.
Since taking homotopy groups of sheaves commutes with sheafification, we find that each
πn
(
OA
)
is the sheafification of the presheaf
Wa 7→ πn
(
A
[
a−1
])
= πn (A) ⊗
pi0(A)
π0 (A)
[
a−1
]
,
where the last equality follows from Proposition 4.17. Now since π0 (A) is finitely presented
as a C∞-algebra in Set, the presheaf
Wa → π0 (A)
[
a−1
]
is already a sheaf by Corollary 4.38. Also, each πn (A) is a complete π0 (A)-module by
Theorem 4.44, so the module of global sections of the sheaves of higher homotopy groups
coincide with the homotopy groups πn (A), by definition of completeness. To relate these
sheaves of homotopy groups to the homotopy groups of Γ
(
OA
)
, we have the hypercohomology
spectral sequence
Ep,q2 = H
p
(
Sp (A) , πq
(
OA
))
⇒ πq−p
(
Γ
(
OA
))
.
All the sheaves πq
(
OA
)
are fine sheaves as they are sheaves of π0
(
OA
)
-modules, and π0
(
OA
)
is a fine sheaf, so this spectral sequence collapses at the second page and we see that
πq
(
Γ
(
OA
))
= πq (A). In summary, we have found that the canonical map Γ
(
OA
)
→ A
induces isomorphism on all homotopy groups, so, in light of Remark 4.35, we conclude it is
an equivalence. 
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4.3.3. More on SpecC∞.
Lemma 4.47. Let (X,OX) be a homotopically C
∞-ringed space, and let f ∈ Γ (OX) be a
global section. Denote by
Wf := {x ∈ X | [f ]x /∈ mx ⊂ (π0OX)x} ,
where [f ] denotes the image of f in π0Γ (OX) . Then Wf is an open subset of X and [f ] |Wf
is invertible.
Proof. First we will show that Wf is open. Let x ∈ Wf . Then, there exists an open neigh-
borhood U of x such that [f ] |U is invertible in π0OX (U) . But for all y ∈ U, since [f ] |U
is invertible, its stalk at y must also be invertible, and hence be outside the maximal ideal
my, and hence we conclude that y ∈ Wf . Now we will show that [f ] |Wf is invertible. How-
ever, since π0OX is a sheaf, and since the image of an invertible element under a unital ring
homomorphism is always invertible, it suffices to show that there exists a cover of
Wf =
⋃
α
Uα
such that [f ] |Uα is invertible for all α, but we may find such an open neighborhood of x ∈ Wf ,
for all x, so we are done. 
Proposition 4.48. Let (X,OX) be a homotopically C
∞-ringed space and let A ∈ AlgC∞ (Spc)
fp .
Then taking global sections yields an equivalence
MapLocC∞
(
(X,OX) ,
(
Sp (A) , O˜A
))
≃ MapAlgC∞ (Spc) (A,Γ (OX)) ,
where O˜A is the sheaf in Corollary 4.46.
Proof. Let ϕ : A→ Γ (OX) be map of C
∞-algebras. Define a map
θ (ϕ) : X → Sp (A)
x 7→
(
A
ϕ
→ Γ (OX)→ (OX)x → (π0OX)x → (π0OX)x /mx = R
)
.
Notice that θ (ϕ)−1 (Wa) = Wϕ(a), so θ (ϕ) is continuous. Suppose now that
(f, α) : (X,OX)→
(
Sp (A, ) , O˜A
)
.
Then since we have a commutative diagram
A

// O˜A,f(x)

// π0O˜A,f(x)

Γ (OX) // OX,x // π0OX,x
the pre-image of mx is mf(x), and it follows that f = θ (Γ (α)) . To show that
MapLocC∞
(
(X,OX) ,
(
Sp (A, ) , O˜A
))
→MapAlgC∞ (Spc) (A,Γ (OX))
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is an equivalence, it suffices to prove that the homotopy fiber over any ϕ : A → Γ (OX)
is contractible. By the above observation together with Remark 4.27, we may identify this
homotopy fiber with the homotopy fiber of the map
Map
(
O˜A, θ (ϕ)∗OX
)
→ MapAlgC∞ (Spc) (A,Γ (OX)) .
It therefore suffices to show that ϕ determines α up to a contractible space of choices. Let
a ∈ A. Consider the naturality square for α
O˜A (Sp (A)) = A
αSp(A)=ϕ
//

θ (ϕ)∗OX (Sp (A)) = Γ (OX)

O˜A (Wa) = A [a
−1]
αWa
// θ∗ (ϕ)∗ (Wa) = OX
(
Wϕ(a)
)
.
By the universal property of A→ A [a−1] , it follows by Lemma 4.47 that αWa is determined
up to a contractible space of choices by ϕ. The result now follows. 
Corollary 4.49. For any A ∈ AlgfpC∞ ,
OA ≃ O˜A.
Proof. By Proposition 4.48, we conclude that (Sp (A) ,OA) represents the functor
MapAlgC∞ (Spc) (A,Γ ( · )) : Loc
op
C∞ → AlgC∞ (Spc) .
Since the Yoneda embedding is fully faithful, we can conclude that the functor
A 7→MapAlgC∞ (Spc) (A,Γ ( · ))
induces a functor
˜Spec C∞ :
(
AlgC∞ (Spc)
fp
)op
→ LocC∞
such that
˜SpecC∞ (A) = (Sp (A) ,OA) .
Moreover, by Lemma 3.21 this functor manifestly preserves finite limits, since the original
functor did and the Yoneda embedding reflects limits. Notice that by Proposition 4.17,
˜Spec C∞ (C∞ (R)) ≃ (R,C∞R ) ≃ SpecC∞ (C
∞ (R)) .
Since both SpecC∞ and ˜SpecC∞ preserve finite limits, we conclude by Theorem 3.22 that
they are equivalent. The result now follows. 
Theorem 4.50. The functor
Spec C∞ :
(
AlgC∞ (Spc)
fp
)op
→ LocC∞
is fully faithful.
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Proof. Let A and B be in AlgC∞ (Spc)
fp , then
Map (A,B) ≃ Map (A,Γ (OB))
≃ Map ((Sp (B) ,OB) , (Sp (A) ,OA)) .

Proposition 4.51. Let M be a manifold. Then
Spec C∞ (C
∞ (M)) ≃ (M,C∞M ) .
Proof. It follows from Proposition 4.30 combined with the proof of Corollary 4.38 that the
result holds for open subsets of Rn. Denote by Dom the full subcategory of Mfd on those
manifolds diffeomorphic to an open subset of Rn for some n. Then, as Mfd is the Karoubi
envelope of Dom, we have that restriction functor
Fun (Mfd,LocC∞)→ Fun (Dom,LocC∞)
is an equivalence of ∞-categories. Consider the functor
F :Mfd 7→ LocC∞
M 7→ (M,C∞M )
Notice that F and Spec C∞ ◦ C
∞ ( · ) both restrict to the same functor on Dom. It follows
that they must agree on Mfd as well. 
Theorem 4.52. The functor C∞ :Mfd →֒ AlgC∞ (Spc)
op sending a manifold M to the dis-
crete simplicial C∞-ring of smooth functions on M is fully faithful, and preserves transverse
pullbacks.
Proof. Fully faithfulness is the content of Lemma 4.1. Suppose we have a transverse pullback
diagram
P
prM

prN
//
ψ
  ❇
❇❇
❇❇
❇❇
❇
N
g

M
f
// L
.
Note that by [13, Chapter 1, Theorem 2.8],
π0
(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)
∼= C∞ (P ) .
It therefore suffices to show that for all n ≥ 1,
πn
(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)
= 0.
Note that
Πn := πn
(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)
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has the canonical structure of a C∞ (P )-module, and is moreover complete by Theorem 4.44.
Hence the global sections of the sheaf associated to the presheaf on P defined by
U 7→ C∞ (U) ⊗
C∞(P )
Πn
coincide with
πn
(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)
for all n ≥ 1. Choose a cover of L by open subsets Uα such that each
Uα ∼= Rl,
where l = dimL. By Proposition 4.17, it follows that the presheaf defined above may equiv-
alently be described by
Wa 7→ πn
((
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)[
a−1
])
.
For each Uα, we may choose smooth functions ϕα : L→ R such that Uα = ϕ−1 (Uα) . Again
by Proposition 4.17, setting
a = ϕα ◦ ψ ∈ C
∞ (P ) = π0
((
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
))
,
we have(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)[
a−1
]
≃
(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)
∞©
C∞(R)
C
∞ (R \ 0) ,
and since we have a factorization
C
∞ (R)→ C∞ (L)→ C∞ (M) ∞©
C∞(L)
C
∞ (N) ,
it follows that(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)[
a−1
]
≃
(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)
∞©
C∞(L)
C
∞ (Uα)
≃
(
C
∞ (M) ∞©
C∞(L)
C
∞ (Uα)
)
∞©
C∞(L)
C
∞ (N) .
Observe that
C
∞ (M) ∞©
C∞(L)
C
∞ (Uα) ≃ Γ
(
(M,C∞M )×(L,C∞L )
(
Uα,C
∞
Uα
))
≃ Γ
((
f−1 (Uα) ,C
∞
M |f−1(Uα)
))
≃ C∞
(
f−1 (Uα)
)
,
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by Proposition 4.51, so we have(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)[
a−1
]
≃ C∞
(
f−1 (Uα)
)
∞©
C∞(L)
C
∞ (N) .
Notice, by Lemma 4.13,
C
∞
(
f−1 (Uα)
)
∞©
C∞(Uα)
C
∞
(
g−1 (Uα)
)
≃ C∞
(
f−1 (Uα)×Uα g
−1 (Uα)
)
,
so we have(
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)[
a−1
]
≃ C∞
(
f−1 (Uα)
)
∞©
C∞(L)
C
∞ (N)
≃ C∞
(
f−1 (Uα)
)
∞©
C∞(Uα)
C
∞ (Uα) ∞©
C∞(L)
C
∞ (N)
≃ C∞
(
f−1 (Uα)
)
∞©
C∞(Uα)
C
∞
(
g−1 (Uα)
)
≃ C∞
(
f−1 (Uα)×Uα g
−1 (Uα)
)
.
So it follows that
πn
((
C
∞ (M) ∞©
C∞(L)
C
∞ (N)
)[
a−1
])
= 0.
This implies that
MSpecC∞ (Πn)
(
ψ−1 (Uα)
)
= 0.
Since the open subsets ψ−1 (Uα) form a cover, this implies that the sheaf itself is zero, and
since Πn is a complete C
∞ (P )-module, this implies
Πn ≃ ΓMSpec C∞ (Πn) = 0.

4.4. The proof of Theorem 4.44. We are left to prove Theorem 4.44. We do this by
fixing strict models for finitely presented simplicial C∞-rings in the model category cdga≤0R
of differentially graded commutative R-algebras in non-positive degrees.
Remark 4.53. Let V be a real vector space, possibly of infinite dimension. We write
C
∞ (V ∨) := colim
−−−→
V ′⊂V dimV ′<∞
C
∞
(
(V ′)
∨)
for the free C∞-ring on V . Evaluation at 0 ∈ V ∨ yields a map C∞ (V ∨) → R of simplicial
C∞-rings, so C∞ (V ∨) is augmented over the initial object in AlgC∞ (Spc), and we may
consider the n-fold suspension ΣnC∞ (V ∨) with respect to the augmentation.
Definition 4.54. A simplicial C∞-ring A is a cell object if A is obtained as a directed
colimit
R
φ−1
−→ A0
φ0
−→ A1 −→ . . . ,
where φ−1 is a pushout along a map of the form R→ C∞ (V ) for V a possibly infinite dimen-
sional vector space, and φn for n ≥ 0 is a pushouts along a map of the form Σ
nC∞ (V )→ R
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for V a possibly infinite dimensional vector space. A cell object is finite if the directed
colimit in the definition is indexed by a finite set and there are only finitely many cells in
each degree.
Proposition 4.55. Let A be a simplicial C∞-ring.
(1) A is equivalent to a cell object.
(2) If A is finitely presented, then A is equivalent to a retract of a finite cell object.
We prove Proposition 4.55 at the end of this subsection.
Proof of Theorem 4.44. Let A be a finitely presented simplicial C∞-ring. Using Proposition
4.55 and the fact that the property described in Theorem 4.44 is stable under retracts, we
may assume that A has a presentation as a finite cell object. Such a cell object is inductively
obtained by pushouts of the from
Σn−1C∞ (Rn) An−1
R An
where A0 = C
∞ (Rm), for some finite m. By unramifiedness, Aalg is given by the colimit
of maps obtained by the same sequence of pushout diagrams in AlgComR (Spc). Recall
the left proper combinatorial model category structure on cdga≤0R which presents the ∞-
category AlgComR (Spc). Lemma 4.5 implies that in the model category cdga
≤0
R , the mor-
phism C∞ (Rn) → R has a cofibrant replacement as C∞ (Rn) → C∞ (Rn) [y1, . . . , yn], with
yi in degree −1 and differential ∂yi = xi, the i
th coordinate function on Rn. Since
Σn−1C∞
(
Rk
)alg
≃ R [ǫ1, . . . , ǫk]
with |ǫi| = n − 1 for n > 1, the map Σ
n−1C∞
(
Rk
)alg
→ R can be replaced by a finite
coproduct of copies of the generating cofibration R [ǫi]→ R [ǫi, ǫi+1]. As the model category
cdga
≤0
R is left proper, it follows that A
alg is given by the (ordinary) colimit over a sequence
of maps obtained by pushouts along the cofibrations we have just described, so Aalg has a
presentation in cdga≤0R by a quasi-free object of the form
A˜ = C∞ (Rm)
[
ǫ11, . . . , ǫ
1
l1 , ǫ
2
1, . . . , ǫ
2
l2, . . . , ǫ
k
1, . . . , ǫ
k
lk
]
where |ǫiji| = −i for 1 ≤ i ≤ k (we have suppressed the (nontrivial!) differentials). Fix n > 0,
and consider the truncated dga τ≥−(n+1)A˜, so that we have
H−n
(
τ≥−(n+1)A˜
)
∼= H−n
(
A˜
)
= πn (A) .
As A˜ is a finite cell dga, A˜ is a finitely generated free C∞ (Rm)-module in each degree,
so τ≥−(n+1)A˜ is a finitely presented C
∞ (Rm)-module. Now consider the presheaf of dg
C∞ (Rm)-modules on Rm given by
F := U 7→ U 7→ τ≥−(n+1)
(
C
∞ (U)
[
ǫ11, . . . , ǫ
1
l1
, ǫ21, . . . , ǫ
2
l2
, . . . , ǫk1, . . . , ǫ
k
lk
])
,
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whose module of global sections is τ≥−(n+1)A˜. This presheaf is a sheaf, precisely because
τ≥−(n+1)A˜ is a finitely presented and thus complete C
∞ (Rm)-module. By fineness and an
appeal to the hypercohomology spectral sequence, the cohomology groups of τ≥−(n+1)A˜ are
given by the global sections of the sheaves of cohomology groups of F. This implies in
particular that H−n
(
A˜
)
is a complete C∞ (Rn)-module, by Remark 4.42. As the map
C∞ (Rm)→ π0 (A) is surjective, the module
H−n
(
A˜
)
⊗
C∞(Rm)
π0 (A) ∼= H
−n
(
A˜
)
∼= πn (A)
is a complete π0 (A)-module by Proposition 4.43. 
The rest of this subsection is devoted to the proof of Proposition 4.55. The following
lemmas are adapted from [8, Lemmas 12.18 and 12.19].
Remark 4.56. The free C∞-ring functor F preserves colimits, so we have
ΣnC∞ (V ∨) ≃ F (Sym• (V [n])) .
The forgetful-free adjunction between E∞-algebras and simplicial C∞-rings now establishes
the equivalence
MapAlgC∞ (Spc) (Σ
n
C
∞ (V ∨) , A) ≃ Map
ModR
(
V [n] , Aalg
)
for all A ∈ AlgC∞ (Spc).
Lemma 4.57. The map
V [n]→ ΣnC∞ (V ∨)
alg
corresponding to the identity ΣnC∞ (V ∨) → ΣnC∞ (V ∨) via the equivalences above induces
an equivalence Sym• (V [n])→ ΣnC∞ (V ∨)alg of E∞-algebras over R for n > 0.
Proof. Since all forgetful and free functors involved commute with filtered colimits, we may
write
V = colim
−−−→
V ′⊂V,dimV <∞
V ′
and suppose that V is finite dimensional. We work by induction on n. For n = 1, we are
asked to prove that the natural map
R ⊗
Sym•(V )
R→ R ∞©
C∞(V ∨)alg
R ≃ R ⊗
C∞(V ∨)alg
R
is an equivalence (the last equivalence follows by unramifiedness). Suppose that V is 1-
dimensional, then Sym• (V ) ≃ R [x] and we have a map of projective resolutions
0 R[x] R[x] R
0 C∞ (R) C∞ (R) R
x
id
x
where x denotes multiplication by the function x 7→ x on R which shows that
Tor
R[x]
i (R,R) ∼= Tor
C∞(R)
i (R,R)
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for all i ≥ 0, so we are done for n = 1 and dimV = 1. For V k-dimensional, the map
Sym• (V [1])→ ΣC∞ (V ∨)alg is simply the k-fold tensor product of the equivalence we have
just established. The induction step for n ≥ 1 follows at once from unramifiedness. 
Lemma 4.58. Let A be a simplicial C∞-ring and let V be a vector space. Let n > 0 and
V [n]→ Aalg be a map of R-modules adjoint to a map ϕ : V ⊗
R
Aalg [n]→ Aalg of Aalg-modules.
By taking the symmetric algebra and the free simplicial C∞-ring, V [n]→ Aalg is adjoint to
a map ΣnC∞ (V ∨)→ A. Consider the pushout diagram
ΣnC∞ (V ∨) A
R B
Then there is a natural map cofib (ϕ)→ Balg of Aalg-modules which has (2n + 2)-connective
cofiber.
Proof. By unramifiedness and Lemma 4.57, we have Balg ≃ R ⊗
Sym•(V [n])
Aalg. The composition
V ⊗
R
Aalg [n]
ϕ
−→ Aalg −→ B
of Aalg-modules is homotopic to the composition
V ⊗
R
Aalg [n]−→Sym• (V [n]) −→ B
which is null-homotopic for degree reasons, yielding the desired map cofib (ϕ) → B. Since
taking cofibers commutes with tensor products, we have an equivalence
cofib
(
V [n]⊗
R
Sym• (V [n])→ Sym• (V [n])
)
⊗
Sym•(V [n])
Aalg ≃ cofib
(
V ⊗
R
Aalg [n]→ Aalg
)
= cofib (ϕ) .
One readily verifies that cofib
(
V [n]⊗
R
Sym• (V [n])→ Sym• (V [n])
)
has vanishing homo-
topy groups in degrees 0 < i ≤ 2n, so the map
cofib
(
V [n]⊗
R
Sym• (V [n])→ Sym• (V [n])
)
→ R
has (2n+ 2)-connective cofiber, showing that the map
cofib
(
V [n]⊗
R
Sym• (V [n])→ Sym• (V [n])
)
⊗
Sym•(V [n])
Aalg ≃ cofib (ϕ)→ Balg ≃ R ⊗
Sym•(V [n])
Aalg
has (2n+ 2)-connective cofiber as well. 
Proof of Proposition 4.55. (1) Let A be a simplicial C∞-ring. We will inductively define
a sequence of n-connective maps ψn : An → A as follows. For the base step of the
induction, choose an effective epimorphism C∞
(
RJ0
)
→ A; for instance, J0 may be
the set underlying π0 (A). Now let n > 0. Assuming we have constructed an (n− 1)-
connective map ψn−1 : An−1 → A, we construct ψn. We have πj (An−1) ≃ πj (A)
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for j < (n− 1). The algebraic fiber fib
(
ψalgn−1
)
of the map ψalgn−1 : A
alg
n−1 → A
alg of
connective E∞-algebras over R fits into a long exact sequence
. . .→ πn
(
Aalg
)
→ πn−1
(
fib
(
ψalgn−1
))
→ πn−1
(
Aalgn−1
)
→ πn−1
(
Aalg
)
→ . . .
Choose a set Jn and a map RJn ⊗
R
Aalgn−1 [n− 1] → fib
(
ψalgn−1
)
of Aalgn−1-modules that
induces a surjective map RJn [n− 1]⊗
R
π0
(
Aalgn−1
)
→ πn−1
(
fib
(
ψalgn−1
))
. The compo-
sition
ϕ : RJn ⊗
R
Aalgn−1 [n− 1] −→ fib
(
ψalgn−1
)
−→ Aalgn−1
in the ∞-category of Aalgn−1-modules is adjoint to a map
RJn [n− 1] −→ Aalgn−1
of R-modules. This map yields a map Sym•
(
RJn [n− 1]
)
→ Aalgn−1 in AlgComR (Spc),
which is in turn adjoint to a map f : Σn−1C∞
((
RJn
)∨)
→ An−1 of simplicial C
∞-
rings, with Σn−1C∞
((
RJn
)∨)
the (n− 1)th suspension of C∞
((
RJn
)∨)
at the base-
point 0 ∈
(
RJn
)∨
. Now we define An as the pushout
Σn−1C∞
((
RJn
)∨)
An−1
R An
f
The canonical null-homotopy of the map
RJn ⊗
R
Aalgn−1 [n− 1]→ fib
(
ψalgn−1
)
→ Aalg
yields a homotopy between ψn−1 ◦ f and
Σn−1C∞
((
RJn
)∨)
→ R→ A,
so we get a map ψn : An → A. We check that ψn is n-connective: notice that the left
vertical map in the diagram above induces a surjection on connected components, so
by unramifiedness, we have an equivalence
Aalgn ≃ Σ
n−1
C
∞
((
RJn
)∨)alg
⊗
R
Aalgn−1.
For n = 1, we observe that
π0 (A1) ≃ π0
(
C
∞
((
RJ0
)∨)
/π0
(
fib
(
ψalg0
)))
≃ π0 (A) .
For n > 1, Lemma 4.58 provides us with a map cofib (ϕ)→ An with (2n)-connective
cofiber. Comparing the πn−1-terms in the long exact sequence associated with the
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fiber sequence
fib
(
ψalgn−1
)
→ Aalgn−1 → A
with those of the long exact sequence associated to the cofiber sequence of ϕ yields
the desired connectivity estimate.
(2) Let A be a simplicial C∞-ring with a cell decomposition provided by part 1 of the
proof. We will show that if B is a finitely presented simplicial C∞-ring, then any
morphism B → A factors through a finite cell complex. The desired statement then
follows by applying this to the identity morphism A → A. Choose some morphism
f : B → A. We have
A ≃ colim
−−−→
i∈Z≥0
Ai,
so f factors through some Ai. We prove by reverse induction that f factors through
a cell complex with finitely many cells in degrees greater than j for every j ≤ i. For
j = i, we use that
Ai = R ∞©
Σi−1C∞
(
(RJi)
∨
) Ai−1 ≃ colim−−−→
S⊂Ji, |S|<∞
R ∞©
Σi−1C∞(RS)
Ai−1,
to deduce that the map B → Ai factors through some
R ∞©
Σi−1C∞(RS)
Ai−1
where S is a finite set. Now assume that B → Ai factors through a cell complex
A˜ that is obtained from the object Aj , j < i, by attaching finitely many cells (in
degrees > j). Aj is itself obtained as
R ∞©
Σj−1C∞
(
(RJj)
∨
)Aj−1,
where Jj may be an infinite set. Just as in the case i = j, we have
Aj ≃ colim−−−→
S′⊂Jj , |S′|<∞
CS′,
where we write
CS′ := R ∞©
Σj−1C∞(RS′)
Aj−1.
By assumption on A˜, we attach only finitely many cells in degree j, given by a
pushout
R ∞©
ΣjC∞(Rn)
colim
−−−→
S′⊂Jj , |S′|<∞
CS′.
Because ΣjC∞ (Rn) is finitely presented, the map
ΣjC∞ (Rn)→ colim
−−−→
S′⊂Jj , |S′|<∞
CS′
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factors through some CS′′, so we can write the pushout above as the colimit
colim
−−−→
S′′⊃S′, |S′′|<∞
R ∞©
ΣjC∞(Rn)
CS′′.
Now we repeat this argument for all cells of higher degrees, using finite presentation
as there are only a finite number of cells left in each degree. We find that A˜ can be
written as some filtered colimit
colim
−−−→
k∈J
A˜k,
where each A˜k is a relative cell complex obtained by attaching a finite number of cells
to the object Aj−1. Using compactness of B, we see that B → A˜ factors through
some A˜k. This completes the induction step.

5. The Universal Property Revisited
5.1. Derived Manifolds and C∞-rings. Recall that DMfd was defined (Definition 2.1)
as the unique idempotent complete ∞-category with finite limits equipped with a functor
i :Mfd→ DMfd
which preserves transverse pullbacks and the terminal object, such that for any other idem-
potent complete ∞-category C with finite limits, composition with i induces an equivalence
of ∞-categories
Funlex (DMfd,C )
∼
−−−−−−−→ Fun⋔ (Mfd,C )
between functors from derived manifolds to C which preserve finite limits, to functors from
manifolds which preserve transverse pullbacks and the terminal object.
Lemma 5.1. Let q : C∞ →֒ Mfd be the fully faithful inclusion. Let C be an idempotent
complete ∞-category with finite limits. Then the following conditions are equivalent for a
functor F : C∞ → C :
(1) F preserves finite products
(2) The right Kan extension Ranq F exists and preserves transverse pullbacks and the
terminal object.
Proof. (2) ⇒ (1) since q∗Ranq ≃ id, since q is fully faithful. Conversely, suppose that (1)
holds. First, assume that C is both complete and cocomplete. We have a commutative
diagram
C∞
q

jfp
**❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯
Mfd
C∞
//
(
AlgC∞ (Spc)
fp
)op
.
By Theorem 3.22, since C∞ is fully faithful by Lemma 4.1, the right Kan extension
Ranjfp F :
(
AlgC∞ (Spc)
fp
)op
→ C
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exists and preserves finite limits. By Lemma 3.13, it follows that the right Kan extension
Ranq F exists and is given by (
Ranjfp F
)
◦ C∞.
By Theorem 4.52, it follows that Ranq F preserves transverse pullbacks and the terminal
object.
Now relax the (co)completeness assumptions on C . Consider the composite
C∞
F
−→ C
y
−֒→ Psh (C ) .
Then, as it preserves finite products, by the above paragraph, the right Kan extension
Ranq (y ◦ F ) exists and preserves transverse pullbacks and the terminal object. The ∞-
category Psh (C) is complete and therefore this right Kan extension can be computed with
the standard pointwise formula. Since the Yoneda embedding preserves all limits, it suffices
to show that Ranq (y ◦ F ) takes values in representables, since this would imply that the
limits needed for the pointwise formula for Ranq (◦F ) exist in C , and that Ranq (y ◦ F )
preserves transverse pullbacks and the terminal object. Let M be a manifold. Then M is a
retract of a transverse pullback of Cartesian manifolds, by Corollary 4.10. For any Cartesian
manifold, Rn,
Ranq (y ◦ F ) (Rn) ≃ y (F (Rn))
is in the essential image of y, and since Ranq (y ◦ F ) preserves finite limits (and retracts),
Ranq (y ◦ F ) (M) is a retract of a pullback of representables, hence representable, as C has
retracts and the Yoneda embedding preserves all small limits. 
Corollary 5.2. Let C be an idempotent complete ∞-category with finite limits. Then
q∗ : Fun (Mfd,C )→ Fun (C∞,C )
restricts to an equivalence of ∞-categories
q∗ : Fun⋔ (Mfd,C )→ Funpi (C∞,C )
between functors which preserves transverse pullbacks and the terminal object and functors
which preserve finite products.
Proof. By Lemma 5.1, there exists a global right Kan extension functor
Ranq : Fun
pi (C∞,C )→ Fun⋔ (Mfd,C )
which, by the universal property of Kan extensions, is right adjoint to q∗. Since q is fully
faithful, the counit
q∗Ranq → id
is an equivalence. It suffices to show that the unit
id→ Ranq q
∗
is an equivalence as well. Let F : Mfd → C be in Fun⋔ (Mfd,C ) . Then since both F and
Ranq q
∗F preserve transverse pullbacks (and retracts), and by Corollary 4.10, every manifold
is a retract of a transverse pullback of Cartesian manifolds, it follows that the unit must be
an equivalence.
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Theorem 5.3. For all idempotent complete ∞-categories C with finite limits, composition
with
i ◦ q : C∞ → DMfd
induces an equivalence of ∞-categories
Funlex (DMfd,C )
∼
−−−−−−−→ Funpi (C∞,C ) = AlgC∞ (C )
between the ∞-category of left exact functors from derived manifolds to C , and the ∞-
category of C∞-rings in C .
Proof. By definition
i∗ : Funlex (DMfd,C )
∼
−−−−−−−→ Fun⋔ (Mfd,C )
is an equivalence. And by Corollary 5.2
q∗ : Fun⋔ (Mfd,C )→ Funpi (C∞,C ) = AlgC∞ (C )
is an equivalence. 
Corollary 5.4. There is a canonical equivalence of ∞-categories
DMfd ≃
(
AlgC∞ (Spc)
fp
)op
.
In fact, this equivalence is the restriction of the functor ODMfd from Example 2.8.
Proof. The existence of an equivalence follows immediately since the pair (DMfd, i ◦ q)
satisfies the same universal property as
((
AlgC∞ (Spc)
fp
)op
, jfp
)
. In particular, i ◦ q is a
universal C∞-ring, and, by Remark 3.45, the equivalence can be concretely realized as
Γi◦q = O
op
DMfd : DMfd→
(
AlgC∞ (Spc)
fp
)op
,
with inverse given by Ran jfp (i ◦ q) . 
Proposition 5.5. The Grothendieck topology JDMfd on DMfd of Definition 2.6 is sub-
canonical.
Proof. Note that the following diagram commutes
Mfd
i
{{✇✇
✇✇
✇✇
✇✇
✇✇
✇
C∞
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
DMfd
U

(
AlgC∞ (Spc)
fp
)op
Ran
jfp
(i◦q)
oo
Sp
tt✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐
Top
since both U and Sp are Kan extended from Mfd. So under the equivalence Ran jfp (i ◦ q) ,
JDMfd corresponds to the Grothendieck topology on
(
AlgC∞ (Spc)
fp
)op
induced from Top
via Sp. Lets call this Grothendieck topology J. It suffices to show that J is subcanonical.
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But this follows immediately from the fact that SpecC∞ is fully faithful and the open cover
topology on LocC∞ is subcanonical. 
Proposition 5.6. The functor
ODMfd : DMfd
op → AlgC∞ (Spc)
is a JDMfd-sheaf.
Proof. Under the equivalence
DMfd ≃ (AlgC∞ (Spc))
op ,
the universal C∞-ring object i◦q corresponds to jfp. Note that as a finite product preserving
functor
C∞ → Spc
for a derived manifold M,
ODMfd (M) =Map (M, i ◦ q) .
Notice that in (AlgC∞ (Spc))
op , for A a finitely presented algebra,
Map(AlgC∞ (Spc))op
(
A, jfp
)
≃ A.
So the result now follows since the Grothendieck topology J is subcanonical. 
Proposition 5.7. For any idempotent complete ∞-category C with finite limits, under the
equivalence
Funlex (DMfd,C )
∼
−−−−−−−→ Funpi (C∞,C ) = AlgC∞ (C )
a C∞-ring S in C corresponds to a fully faithful left exact functor DMfd →֒ C if and only
if it is versal and corresponds to an equivalence, if and only if it is universal.
Proof. This follows immediately form Corollary 5.4 and Theorem 3.44. 
Corollary 5.8. Let C be an idempotent complete ∞-category with finite limits. Recall that
Dom is the full subcategory of Mfd on open domains. The following are equivalent for a
functor F :Mfd→ C
1. F preserve transverse pullbacks and the terminal object
2. The restriction of F to Dom preserves transverse pullbacks and the terminal object.
Proof. Clearly 1) ⇒ 2). Suppose that F : Mfd → C and F |Dom preserves transverse pull-
backs. Since Mfd is the Karoubi envelope of Dom, the restriction functor
ϕ∗ : Fun (Mfd,C )→ Fun (Dom,C )
is an equivalence. Since the Yoneda embedding preserves and reflects limits, we may assume
that C is complete. Hence, ϕ∗ has a right adjoint given by global right Kan extension Ranϕ .
This implies that
F ≃ Ranϕ F |Dom.
Notice however that all of the results and their proofs carry over completely analogously by
replacing the category Mfd with Dom. It follows that we can identify Ranϕ F |Dom with
Ranq (F |C∞) , and hence conclude that F preserves transverse pullbacks and the terminal
object. 
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5.2. Comparison with Spivak’s Model. In [14, Section 6], Spivak defines a simplicial
category of quasi-smooth derived manifolds as a subcategory of a simplicial category LRS
of spaces locally ringed in homotopical C∞-rings. Spivak defines a pair (X,OX) to be a
(quasi-smooth) derived manifold if it is locally equivalent to a pullback
Rf−1 (0) //

R0
0

Rn
f
// R.
In particular, by [14, Theorem 8.15], any pullback of the form
M ×∞L N
//

N
0

M // L
is a quasi-smooth derived manifold in Spivak’s sense. On one hand, Spivak’s objects are very
general as he imposes no separation conditions on the underlying space X (such as being
Hausdorff or paracompact). On the other hand, by [14, Remark 8.16], quasi-smooth derived
manifolds are not closed under fibered products.
We offer the following variant of Spivak’s model:
Definition 5.9. Denote by dManSpivak the smallest full simplicial subcategory of LRS
closed under finite homotopy limits and retracts containing the essential image of Mfd.
Theorem 5.10. There is a canonical equivalence of ∞-categories between the homotopy
coherent nerve of dManSpivak and DMfd.
Proof. For simplicity of notation, let us not distinguish notationally between LRS and its
homotopy coherent nerve, and similarly for dManSpivak . Recall from Remark 4.27 that we
can identify (the homotopy coherent nerve) of LRS with the full subcategory of the ∞-
category LocC∞ on those objects (X,OX) for which OX is a hypersheaf. Since for any space
X, hypersheaves of spaces are a reflective subcategory of (Cˇech) sheaves of spaces, and since
for any algebraic theory T, the forgetful functor
AlgT (Spc)→ Spc
preserves all limits, it follows that hypersheaves of C∞-algebras are closed under limits. So,
by Remark 4.25, it follows that LRS is stable under finite limits and retracts in LocC∞ .
Hence of dManSpivak can be identified with the smallest subcategory of LocC∞ closed under
finite limits and retracts containing the essential image of Mfd. Consider the canonical
C∞-ring object (R,C∞R ) . Then, by Theorem 5.3, there is a canonically induced functor
ϕ : DMfd→ LocC∞
given by ϕ = Rani◦q (R) . Unwinding definitions, under the equivalence
DMfd ≃ (AlgC∞ (Spc))
op ,
ϕ corresponds to the functor SpecC∞ , which is fully faithful by Theorem 4.50. By Proposition
3.21, it follows that the essential image of ϕ is the smallest subcategory containing (R,C∞R )
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which is closed under finite limits and retracts. But by Theorem 4.52 and Corollary 4.10,
we conclude that this essential image by be identified with dManSpivak . 
Finally, to justify this variant, we offer the following:
Proposition 5.11. Suppose that (X,OX) ∈ LocC∞ is such that X is paracompact Haus-
dorff, and there is a cover (Uα →֒ X) of X such that for all α (Uα,OX |Uα) is equivalent to
SpecC∞ (Aα) for some finitely presented Aα in AlgC∞ (Spc) . If Γ (OX) is finitely presented,
then (X,OX) ≃ Spec C∞ (Γ (OX)) . In particular, (X,OX) is in dManSpivak .
Proof. For A finitely presented, π0OA is fine, and hence soft. Since softness is a local property
on paracompact Hausdorff spaces, we conclude that π0OX is also soft. Also, since hyper-
completeness is a local property, Remark 4.35 implies that OX is a hypersheaf. Since Γ (OX)
is finitely presented, by Lemma 4.47, we have a canonical morphism
(X,OX)→ SpecC∞ (Γ (OX)) .
By [5] and [1, Proposition 2] it follows that this morphism induces an isomorphism
(X, π0OX)→ SpecC∞ (Γ (π0OX)) ,
and by softness, we can identify Γ (π0OX) with π0Γ (OX) . Denote by α : OX → OΓ(OX)
the canonical map. By hypercompleteness, it suffices to show that the map on sheaves of
homotopy groups are isomorphisms. We have just seen that this map induces an isomorphism
on π0. The result now follows from the softness of the sheaves involved, the collapse of the
hypercohomology spectral sequence, and [6, Proposition 5.20]. 
Corollary 5.12. If (X,OX) ∈ LRS is a quasi-smooth derived manifold in the original sense
of Spivak, if X is paracompact Hausdorff and Γ (OX) is finitely presented, then
(X,OX) ∈ dManSpivak .
Remark 5.13. In light of Proposition 5.11 and Corollary 5.12, one may consider objects
(X,OX) satisfying the conditions of Proposition 5.11 to be derived manifolds of finite type,
and allow any object locally isomorphic to Spec C∞ (A) for varying finitely presented A to
be a derived manifold. Note, any derived manifold would then be locally of finite type. Note
furthermore however that any derived manifold locally of finite type is faithfully represented
by its functor of points on finite type derived manifolds c.f. [2, Theorem 2.2].
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